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NON-LINEAR SIGMA MODEL

For continuous spins, the lowest energy excitations are long-wavelength Goldstone modes

(as shown in the Laudau theory). We consider unit n-component spins on the sites of a

lattice, i.e.

si = (s1, s2, ..., sn), |si|2 = s21 + s22 + ...+ s2n = 1 (1)

The nearest-neighbor Hamiltonian can be written as

−βH = K
∑
⟨i,j⟩

si · sj = K
∑
⟨i,j⟩

(1− (si − sj)
2

2
) ≈ −βE0 −

K

2

∫
ddx(∇s(x))2. (2)

Therefore the partition function is

Z =

∫
D[s(x)]δ(|s(x)|2 − 1)e−

K
2

∫
ddx(∇s(x))2 . (3)

The non-linear sigma model is closed to the O(N) vector model.

S =

∫
ddx[|∇Ψ(x)|2 + rΨ2 + u(Ψ2 − s0)

2] (4)

For the critical point, |s0| vanishes so it recovers the critical O(N) model. In the study

of ordered phase, |s0| is non-zero, we can take a mean-field approximation (Ψ ∼ s0) to

get S =
∫
ddx|∇s0(x)|2.

For a possible magnetic order, say s(x) = (1, 0, 0, ...), there are n − 1 Goldstone modes

describing the transverse fluctuations. To examine these fluctuations close to zero temper-

ature, we set

s(x) = (σ(x), π1(x), π2(x), ...) ≡ (σ(x), π⃗(x)) (5)

where π⃗ is an n− 1 component vector describing transverse fluctuations. For each degree of

freedom,∫
D[s]δ(|s|2 − 1) =

∫
dπ⃗dσδ(π2 + σ2 − 1)

=

∫
dπ⃗dσδ((σ −

√
1− π2)(σ +

√
1− π2)) =

∫
dπ⃗

1

2
√
1− π2

(6)
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Using this result, the partition function can be written as

Z =

∫
D[s(x)]δ(|s(x)|2 − 1)e−

K
2

∫
ddx(∇s(x))2

=

∫
dπ⃗

1

2
√
1− π2

e−
K
2

∫
ddx(∇π(x))2+(∇

√
1−π2(x))2

=

∫
dπ⃗ exp[−

∫
ddx[

K

2
(∇π(x))2 + K

2
(∇

√
1− π2(x))2 +

ρ

2
ln(1− π2)]] (7)

where ρ = N/V is density of lattice sites. Here we see, while the original Hamiltonian is quite

simple, the effective Hamiltonian describing Goldstone modes π⃗(x) is rather complicated.

We can expand the nonlinear terms in powers of π⃗(x), resulting in a series

βH[π⃗(x)] ≈ βH0 + U1 + U2 + ... (8)

H0 =
K

2

∫
ddx(∇π(x))2 (9)

U1 =

∫
ddx[

K

2
(π(x) · ∇π(x))2 − ρ

2
π2(x)] (10)

Here H0 is independent Goldstone modes, and U1 is the first order perturbation when the

terms in the series due to ln(1− x) ≈ −x,∇
√
1− x2 = x∇x√

1−x2 ≈ x∇x.

In the language of Fourier modes,

βH0 =
K

2

∫
ddq

(2π)d
q2|π⃗(q)|2 (11)

U1 = −K
2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

πα(q1)πα(q2)πβ(q3)πβ(q4)(q1 · q3)δ(q1 + q2 + q3 + q4)

− ρ

2

∫
ddq

(2π)d
|π⃗(q)|2 (12)

For non-interacting part, the correlation function of the Goldstone modes are

⟨πα(q)πβ(q′)⟩0 =
δαβ(2π)

dδ(q+ q′)

Kq2
(13)

→ ⟨π(x = 0)2⟩ =
∫

ddq

(2π)d
⟨|πα(q)|2⟩0

n− 1

K

∫ Λ=1/a

1/L

∫
ddq

(2π)d
1

q2
=
n− 1

K

Sd(a2−d − L2−d)

d− 2
(14)

For d > 2, the fluctuations are proportional to T , but for d < 2, the fluctuations diverge

since L → ∞. This is a direct sequence of Mermin-Wagner theorem on the absence of

long-range order in d ≤ 2.
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FIG. 1: RG diagram of the non-linear sigma model for space-time dimension d and n-component.

An RG expansion in powers of T provides a systematic way to explore critical behavior

close to two dimensions. By skipping the RG details, one can obtain the RG equation for

the temperature as

dK

dℓ
= (d− 2)K − (n− 2)SdΛd−2 ↔ dT

dℓ
= − dK

K2dℓ
= −(d− 2)T + (n− 2)SdΛd−2T 2 (15)

The RG equation changes behavior drastically at d = 2. For d < 2, the (the leading order)

temperature flow is away from zero, indicating that the ordered phase is unstable and there

is no broken symmetry. For d > 2, small T flows back to zero, implying that the ordered

phase is stable. At d = 2, the flow is controlled by the second term, which changes sign

at n = 2. For n > 2 the flow is towards high temperatures, so that Heisenberg and higher

spin models are disordered. The situation of n = 2 is special, and it is marginal in the RG

calculations. This special case will be discussed in more detail in the following sections.

Renormalization group

Next we use the Wilson’s renormalization group to calculate the flow of coupling

parameter. We divide the mode πα(q) into two parts: slow mode 0 < q < Λ/b and fast
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mode Λ/b < q < Λ. The coarse-grained Hamiltonian Eq. 11 is given by

βH[π<] = βH0[π
<] + ⟨U1[π

< + π>]⟩0 (16)

where ⟨U1[π
< + π>]⟩0 means averaging over fast mode π>.

We write the first-order expansion

⟨U1[π
< + π>]⟩0 ≈ −K

2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

(q1 · q3)δ(q1 + q2 + q3 + q4)

(π<
α (q1) + π>

α (q1))(π
<
α (q2) + π>

α (q2))(π
<
β (q3) + π>

β (q3))(π
<
β (q4) + π>

β (q4))

≈ −K
2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

(q1 · q3)δ(q1 + q2 + q3 + q4)

[π<
α (q1)π

<
α (q2)π

<
β (q3)π

<
β (q4)

+ 2⟨π>
α (q1)π

>
α (q2)⟩π<

β (q3)π
<
β (q4) + 2⟨π>

α (q1)π
>
β (q4)⟩π<

α (q2)π
<
β (q3)

+ ⟨π>
α (q1)π

>
β (q3)⟩π<

α (q2)π
<
β (q4) + ⟨π>

α (q2)π
>
β (q4)⟩π<

α (q1)π
<
β (q3)]

= (a) + (b) + (c) + (d) (17)

Here we have neglected the terms with odd number of π>, which should vanish by

symmetry. Next we consider the calculation term by term.

The first term, (a) ∼ π<
α (q1)π

<
α (q2)π

<
β (q3)π

<
β (q4), is just the quartic term for slow

modes. The second term should be zero, because the integral over the shell momentum

q1 is odd:

(b) = −K
2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

(q1 · q3)δ(q1 + q2 + q3 + q4)⟨π>
α (q1)π

>
α (q2)⟩π<

β (q3)π
<
β (q4)

= −K
2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

(q1 · q3)δ(q1 + q2 + q3 + q4)
δαβ(2π)

dδ(q1 + q2)

Kq21
π<
β (q3)π

<
β (q4)

= −K
2

∫
ddq1
(2π)d

ddq3
(2π)d

(q1 · q3)
δαβ(2π)

d

Kq21
π<
β (q3)π

<
β (−q3) = 0 (18)

(c) = −K
2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

(q1 · q3)δ(q1 + q2 + q3 + q4)⟨π>
α (q1)π

>
β (q3)⟩π<

α (q2)π
<
β (q4)

= −K
2

∫ Λ

Λ/b

ddq1

(2π)d
(2π)dδ(q1 + q3)(q1 · q3)

Kq21

∫ Λ/b

0

ddq2
(2π)d

|π<(q2)|2

=
ρ

2
(1− b−d)

∫ Λ/b

0

ddq2
(2π)d

|π<(q2)|2

(19)
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where ρ =
∫ Λ

0
ddq
(2π)d

.

(d) = −K
2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

(q1 · q3)δ(q1 + q2 + q3 + q4)⟨π>
α (q2)π

>
β (q4)⟩π<

α (q1)π
<
β (q3)

= −K
2

∫ Λ

Λ/b

ddq2
(2π)d

ddq4
(2π)d

(2π)dδ(q2 + q4)

Kq22

∫ Λ/b

0

ddq1
(2π)d

(−q21)|π<(q1)|2

=
1

2
Id(b)

∫ Λ/b

0

ddq1
(2π)d

q21|π<(q1)|2

(20)

where Id(b) =
∫ Λ

Λ/b
ddq
(2π)d

1
q2

= SdΛ
d−2(1−b2−d)

d−2
.

To sum up, we have

βH[π<] =
K

2
(1 +

Id(b)

K
)

∫
ddq

(2π)d
q2|π⃗(q)|2

− K

2

∫
ddq1
(2π)d

ddq2
(2π)d

ddq3
(2π)d

ddq4
(2π)d

π<
α (q1)π

<
α (q2)π

<
β (q3)π

<
β (q4)(q1 · q3)δ(q1 + q2 + q3 + q4)

− ρ

2
(1− (1− b−d))

∫
ddq

(2π)d
|π⃗(q)|2 (21)

Rescaling x′ = x/b and field π′(x) = π<(x)/ζ, we obtain the renormalized hamiltonian

in real space as

−βH = −
K(1 + Id(b)

K
)bd−2ζ2

2

∫
ddx′(∇π′(x′))2

− Kbd−2ζ4

2

∫
ddx′(π′(x′)∇π′(x′))2 +

ρζ2

2

∫
ddx′(π(x′))2 (22)

The field π(x) in non-linear sigma model is constrained by many conditions. ζ can

be fixed by the conditions below:

⟨s⟩0 = ⟨(π<
1 + π>

1 , ...,
√
1− (π< + π>)2)⟩0

= (π<
1 , ..., 1−

(π<)2

2
− ⟨(π>)2⟩0

2
+ ...)

= (1− ⟨(π>)2⟩0
2

+ ...)(π<
1 , ...,

√
1− (π<)2) (23)

The rescaled length is determined to be

ζ = 1− ⟨(π>)2⟩0
2

= 1− (n− 1)

2

Id(b)

K
(24)
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with a factor n− 1 from number of transverse modes.

With this length, we have the rescaled paramter as

K ′ = bd−2ζ2K(1 +
Id(b)

K
)

= bd−2[1− (n− 1)

2

Id(b)

K
]2K(1 +

Id(b)

K
)

≈ bd−2K[1− n− 2

K
Id(b)]

⇒ K + dK = (1 + dℓ)d−2K[1− n− 2

K
SdΛ

d−2dℓ] (25)

In the last line we used b = 1 + dℓ. The differential recursion relation corresponding to

dK

dℓ
= (d− 2)K − (n− 2)SdΛd−2 (26)

↔ dT

dℓ
= − dK

K2dℓ
= −(d− 2)T + (n− 2)SdΛd−2T 2 (27)

Based on the RG equation, we can determine the fixed point value

Tc =
d− 2

(n− 2)SdΛd−2
+O((d− 2)2). (28)

(d = 2, n = 2 is a special case and one should consider it separately.)

Here we can calculate two eigenvalues. 1) Around this fixed point, the RG equation

is linearized as:

dδT

dℓ
|Tc = [−(d− 2) + 2(n− 2)SdΛd−2Tc]δT ≈ [−(d− 2) + 2(d− 2)]δT = (d− 2)δT

(29)

The eigenvalue of T is ϵ = d− 2 ≡ yt.

2) The magnetic eigenvalue can be obtained by adding a term −h ·
∫
ddxs(x). Under

the RG transformation, we get that

h′ = bdζh ≡ byhh (30)

→ (1 + yhdℓ) = (1 + dℓ)d(1− (n− 1)

2

Id(b)

K
) ≈ (1 + dℓ)d(1− (n− 1)

2K
SdΛd−2dℓ) (31)

yh = d− Tc
(n− 1)

2
SdΛd−2 = d− (d− 2)

n− 1

2(n− 2)
= 1 + ϵ

n− 3

2(n− 2)
(32)

Here we could calculate the critical exponents based on the RG. 1) For correlation

length ξ, it becomes divergent close to the critical point. We assume it depends on T
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only. Under the one-step RG transformation,

bξ(T ′) = ξ(T ) (33)

because length scale increases by a factor of b so ξ reduces by a factor of b. Furthermore,

we assume the correlation length takes the form of

ξ(T ) ∼ (T − Tc)
−ν (34)

Thus,

b((T − Tc)b
yt)−ν) = (T − Tc)

−ν ⇒ bb−νyt = 1 ⇒ ν =
1

yt
(35)

where yt is the eigenvalue of RG equation by linearization around the fixed point Tc.

2) For the anomalous exponent, we know it is related to the scaling dimension of

order parameter. On the one hand,

⟨s(x)s(0)⟩ = 1

x2∆s
(36)

On the other hand, in the usual definition it is like

⟨s(x)s(0)⟩ = 1

xd−2+η
(37)

Combining these two conditions gives

∆s =
d− 2 + η

2
(38)

The so-called ’anomalous’ means that, for free theory (Gaussian), ∆s =
d−2
2

so η = 0. η

describes the derivation away from the value of free theory. Based on this, we use Eq.

24

ζ ≈ 1− (n− 1)

2

Id(b)

Kc

= 1− n− 1

2(n− 2)
(d− 2)dℓ ≈ b−∆s ,∆s =

n− 1

2(n− 2)
(d− 2) (39)

⇒ η = 2∆s − (d− 2) =
n− 1

n− 2
(d− 2)− (d− 2) =

d− 2

n− 2
(40)
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Mermin-Wegner theorem

Through the study of non-linear sigma model, we can deduce the Mermin-Wagner the-

orem below: In one and two dimensions, continuous symmetries cannot be spontaneously

broken at finite temperature in systems with sufficiently short-range interactions. (Please be

aware the “continuous” condition here.)

The theorem says that if we try to break the symmetry by imposing a field and then

letting the field go to zero, the symmetry remains unbroken in the sense that the average

manetization is zero.
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1D QUANTUM MAGNETISM

Lieb-Schultz-Mattis theorem

The general LSM theorem: For a lattice model with half-odd-spin in each unit cell, the

ground state is either gapless or gapped with degeneracy. So the gapped paramagnet without

degeneracy is impossible.

This theorem is very helpful in the study of spin liquid. That is, for spin-1/2 lattice like

triangular and kagome, the ground state could be:

• Gapless: 1) magnetic order with spin rotation symmetry spontaneously broken 2)

gapless spin liquid.

• Gapped: 1) Valence-bond solid; 2) Gapped spin liquid.

Next we try to elucidate this theorem in one-dimensional spin-1/2 anti-ferromagnetic

chain:

H =
∑
⟨ij⟩

Sz
i S

z
j +

1

2
(S+

i S
−
j + h.c.) (41)

Next we go to prove the LSM theorem in spin-1/2 system. Suppose the ground state is

H|Ψ0⟩ = E0|Ψ0⟩, where |Ψ0⟩ is very complicated but we don’t need to know it exactly.

We define two operators first. The first operator is translation operator T . Translation

operator T commutes with the Hamiltonian,

TSjT
−1 = Sj+1, [T,H] = 0. (42)

We assume the eigenvalue of translational operation is

TΨ0 = eigΨ0 (43)

The second operator is Uk for k = 2π/L:

Uk ≡ exp(ik
∑
n

nSz
n). (44)

Here operator U is very important. It has a non-trivial commutation relation with T :

TUkT
−1 = exp(ik

∑
n

nSz
n+1) = Uk exp(ikNS

z
1) exp(−ik

∑
n

Sz
n) = −Uk exp(−ik

∑
n

Sz
n)

(45)
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where we used the condition ei2πS
z
1 = eiπσz = I cos π+ i sinπσz = −I. Please note that, this

condition can be generalized to

ei2πS
z

=

−1, S = 1
2
, 3
2
, ...

1, S = 1, 2, ...
(46)

So the half-integer spin is different from the integer spin. In the half-integer spin we have

the orthogral condition for the following state |Ψk⟩, but not for integer spin.

Next we consider the state

Ψk = UkΨ0 = exp(ik
∑
n

nSz
n)Ψ0 (47)

where k = 2π/N .

We first prove that Ψk is orthogonal to the ground state:

⟨Ψ0|Ψk⟩ = ⟨Ψ0|Uk|Ψ0⟩ = ⟨Ψ0|TUkT
−1|Ψ0⟩ = −⟨Ψ0|Uk|Ψ0⟩ = −⟨Ψ0|Ψk⟩ (48)

where we used the condition for
∑

n S
z
n = 0 for the ground state. So it must be vanish,

which is the orthogonal condition for Ψ0 and Ψk.

⟨Ψ0|Ψk⟩ = −⟨Ψ0|Ψk⟩ = 0 (49)

Next we calculate the energy difference between Ψk and Ψ0. We need the following

relations

U−1
k Sx

nUk = Sx
n cos(kn) + Sy

n sin(kn) (50)

U−1
k Sy

nUk = −Sx
n sin(kn) + Sy

n cos(kn) (51)

U−1
k Sz

nUk = Sz
n (52)

which lead to

U−1
k Sx

nS
x
n+1Uk = (Sx

n cos(kn) + Sy
n sin(kn))(S

x
n+1 cos(k(n+ 1)) + Sy

n+1 sin(k(n+ 1)))

= Sx
nS

x
n+1 cos(kn) cos(k(n+ 1)) + Sy

nS
y
n+1 sin(kn) sin(k(n+ 1))

+ Sy
nS

x
n+1 sin(kn) cos(k(n+ 1)) + Sx

nS
y
n+1 cos(kn) sin(k(n+ 1)) (53)

U−1
k Sy

nS
y
n+1Uk = (−Sx

n sin(kn) + Sy
n cos(kn))(−Sx

n+1 sin(k(n+ 1)) + Sy
n+1 cos(k(n+ 1)))

= Sx
nS

x
n+1 sin(kn) sin(k(n+ 1)) + Sy

nS
y
n+1 cos(kn) cos(k(n+ 1))

− Sy
nS

x
n+1 cos(kn) sin(k(n+ 1))− Sx

nS
y
n+1 sin(kn) cos(k(n+ 1)). (54)
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We find

⟨Ψk|H|Ψk⟩ = ⟨Ψ0|U−1
k HUk|Ψ0⟩

= ⟨Ψ0|H + (cos(k)− 1)
∑
n

(Sx
nS

x
n+1 + Sy

nS
y
n+1) + sin(k)

∑
n

(Sx
nS

y
n+1 − Sy

nS
x
n+1)|Ψ0⟩

= E0 + (−1

2
(
2π

N
)2 −O(N−4))⟨Ψ0|

∑
n

(Sx
nS

x
n+1 + Sy

nS
y
n+1)|Ψ0⟩+ sin(k)⟨Ψ0|

∑
n

(Sx
nS

y
n+1 − Sy

nS
x
n+1)|Ψ0⟩

≤ E0 +
2π2

N
× const. (55)

The second term must have zero expectation in the ground state. The reason is as following.

The definition of x, y could be switched, Sx → Sy, Sy → Sx. Under this rotation, the second

term is odd, changing a sign, which means that it should vanish due to the symmetry reason.

In the first term, the sum
∑

n gives an order N , which cancels a factor of N in the final

result.

To sum up, the energy gap vanishes if the chain is infinite long (N → ∞).

Majumdar–Ghosh model ang valence-bond-solid

We introduce a second nearest-neighbor term in the spin chain model:

HMG = J
N∑
i=1

(Si · Si+1 +
1

2
Si · Si+2) (56)

Below we will show the ground state of this model is a dimer state or valence bond solid.

The wave function is explicitly written as

|ψ±⟩ =
N/2∏
n=1

(| ↑2n⟩| ↓2n±1⟩ − | ↓2n⟩| ↑2n±1⟩)
1√
2

(57)

This is state is two-fold degenerated in 1D. The cartoon picture is as shown in Fig. ??.
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FIG. 2: Phase diagram of the J − J ′ model, with nearest (J) and next-nearest (J’) couplings

of a spin-1/2 chain. The Majumdar–Ghosh (MG) model is a special point within the phase with

spontaneous dimerization.

Let us rewrite the model as

H =
J

2

∑
j

(Si · Si+1 + Si · Si−1 + Si−1 · Si+1)

=
J

4

∑
j

(Si−1 + Si+1 + Si+1)
2 + const. ≡=

J

4

∑
i

(Ji)
2 (58)

where the total spin of a triad of spins at sites i is

Ji = Si−1 + Si+1 + Si+1 (59)

Its square has eigenvalues J(J + 1), where J = 1/2, 3/2.

The two exact ground states are made of nearest-neighbor pairs of spins forming singlets.

The reason why they are exact ground states is the following. Ji is a sum of three-spin (in

sequence) cluster terms, and the ground state of each term should have total spin-1/2 for

the corresponding cluster. The two states of ψ±⟩ have the property that, among each cluster

of three neighboring spins, two of them form a singlet, guaranteeing that the total spin of

the cluster is 1/2; they are thus the ground state of every term Ji.

These singlet bonds formed by nearestneighbor spins are often called valence bonds (in

analogy to the chemical bonds that are often referred to by the same name in chemistry),

and such spontaneously dimerized states are also called valence bond solid (VBS).

In the Majumdar–Ghosh model the Lieb–Schultz–Mattis theorem is satisfied in a very

unusual way: the ground state has double degeneracy, and higher exciations are gapped.

AKLT model

In this section, we present detailed derivation of analytical results for AKLT model. We

will demonstrate that, creating a boundary by cutting a valence bond in VBS state will
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lead to a fractional spin−1/2 forms near the boundary. We found that, despite the spatial

oscillation due to the anti-ferromagnetic exchange, the spin magnetization exponentially

decays to zero away from the boundary, which makes it available to define a edge spin

localized in the vicinity of the boundary. Importantly, the net spin magnetization of edge

spin is always quantized to fractional value.

We start from the well-known AKLT model [AKLT 1988], where the analytical solution

will be important for the numerical results later on. The AKLT model placed on a open

chain with N sites can be described by

HAKLT =
N−1∑
i=1

(Si · Si+1 +
1

3
(Si · Si+1)

2 +
2

3
) =

N−1∑
i=1

P J=2
i,i+1 (60)

where S is spin-1 operator. Each term P J=2
i,i+1 projects the bond spin Ji,i+1 = Si + Si+1 onto

the subspace of magnitude J = 2.

P J=2
i,i+1 ≡

1

2
(Si · Si+1) +

1

6
(Si · Si+1)

2 +
1

3
=

1

24
J2
i,i+1(J

2
i,i+1 − 2) (61)

This operator annihilates total spin zero or one states, and gives unity on spin two states.

If we introduce the basis of total spin states |st,mt⟩, where st is the total spin quantum

number of Si + Si+1:

P J=2 =
∑

mt=−st,st

|2,mt⟩⟨2,mt| (62)

Since Eq. 60 equivalent to spin projection operator, the exact zero energy ground state

can be constructed accordingly. Here we utilize the Schwinger boson representation to

express spin operators as Ŝ+
j = a†jbj, Ŝ

z
j = 1

2
(a†jaj − b†jbj), where a† and b† satisfy the

commutation relations [aj, a
†
j] = [bj, b

†
j] = δij [Arovas 1988]. To reproduce the dimension

of spin-1 Hilbert space at each site, we should impose the constraint that the total boson

occupation number a†jaj + b†bj = 2. With the help of Schwinger boson representation,

the(un-normalized) ground state of Eq. 60 corresponds to a valence bond solid (VBS) of

adjacent dimers (Fig. 3):

|ΦN(α, β)⟩ = (a†1)
1
2
+α(b†1)

1
2
−α ⊗

N−1∏
i=1

(a†ib
†
i+1 − b†ia

†
i+1)⊗ (a†N)

1
2
+β(b†N)

1
2
−β|0⟩, (63)
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... ...

FIG. 3: Schematic plot of VBS as the exact ground state of spin−1 AKLT model. Each original

spin−1 (black circle) is written as two spin−1/2 (yellow dot) in a triplet state. The ground state is

then obtained by tensor product of singlet bonds (blue line) connecting nearest-neighbor adjacent

spin−1/2, thus forming a crystalline pattern of valence bonds. Bipartitioning the chain into left

and right part inevitably cuts one of valence bond, therefore two disentangled spin−1/2 spins form

in the vicinity of the virtual boundary at the cut position.

where α, β can be chosen as ±1/2, representing the free edge degree of freedom thus leading

to four-fold degenerate ground states.

Following the discussion above, we explicitly consider the ground state of AKLT model

in open boundary condition:

|ΦN(α, β)⟩ = (a†1)
1
2
+α(b†1)

1
2
−α

N−1∏
i=1

(a†ib
†
i+1 − b†ia

†
i+1)(a

†
N)

1
2
+β(b†N)

1
2
−β|0⟩, (64)

where α, β can be chosen as ±1/2, representing four-fold degenerate ground states with

different boundary condition at site 1 and N . Using this wavefunction it is now straight-

forward to evaluate the magnetization on each site of the open chain. Next we perform the

calculation on |Φ(α = 1/2, β = 1/2)⟩ and the results for the other three ground states are

similar.

First we noticed that |Φ⟩ is unnormalized so let us determine the normalization factor
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⟨Φ|Φ⟩:

⟨Φ(1
2
,
1

2
)|Φ(1

2
,
1

2
)⟩ = ⟨0|aN

N−1∏
i=1

(aibi+1 − biai+1)a1a
†
1

N−1∏
i=1

(a†ib
†
i+1 − b†ia

†
i+1)a

†
N |0⟩

=
N∏
i=1

[

∫
2S + 1

4π
dΩi]|u1|2|uN |2

N−1∏
i=1

[
1− Ωi · Ωi+1

2
]

=
N∏
i=1

[

∫
2S + 1

4π
dΩi]|u1|2|uN |2 × [4π

∞∑
l1=0

Cl1

2l1 + 1

l1∑
m1=−l1

Yl1,m1(Ω1)Y
∗
l1,m1

(Ω2)]

×[4π
∞∑

l2=0

Cl2

2l2 + 1

l2∑
m2=−l2

Yl2,m2(Ω2)Y
∗
l2,m2

(Ω3)]

...× [4π
∞∑

lN−1=0

ClN−1

2lN−1 + 1

lN−1∑
mN−1=−lN−1

YlN−1,mN−1
(ΩN−1)Y

∗
lN−1,mN−1

(ΩN)]

=
(2S + 1)N

4π

∑
l1,l2,...,lN−1

Cl1

2l1 + 1

Cl2

2l2 + 1
...

ClN−1

2lN−1 + 1
δl1,l2δl2,l3 ...δlN−2,lN−1

= (2S + 1)N [CN−1
0

1

4
+ (

C1

3
)N−11

4

1

3
] = (2S + 1)N [

1

2N+1
+ (−)N−1 1

2N+1

1

3N
]

where we used∫
dΩcos2

θ

2
Yl,m(Ω) =

∫
dΩ

1 + cos θ

2
Yl,m(Ω) =

√
4π

2
δl=0δm=0 +

1

2

√
4π

3
δl=1δm=0 (65)

Next, with the help of the relation Ŝ =
∫ (S+1)(2S+1)

4π
Ω̂|Ω⟩⟨Ω|, we calculate the magneti-

zation at the site 1 (the last site N is equivalent):

⟨Φ(1
2
,
1

2
)|Sz

1 |Φ(
1

2
,
1

2
)⟩ = ⟨Φ(1

2
,
1

2
)|
∫

(S + 1)(2S + 1)

4π
Ωz

1|Ω1⟩⟨Ω1||Φ(
1

2
,
1

2
)⟩

= (S + 1)
N∏
i=1

[

∫
(2S + 1)

4π
Ωz

i ]|u1|2|uN |2Ω1

N−1∏
i=1

[
1− Ωi · Ωi+1

2
]

= (S + 1)
N∏
i=1

[
2S + 1

4π
dΩi]|u1|2|uN |2Ω1[4π

∞∑
l1=0

Cl1

2l1 + 1

l1∑
m1=−l1

Yl1,m1(Ω1)Y
∗
l1,m1

(Ω2)]

×[4π
∞∑

l2=0

Cl2

2l2 + 1

l2∑
m2=−l2

Yl2,m2(Ω2)Y
∗
l2,m2

(Ω3)]

...× [4π
∞∑

lN−1=0

ClN−1

2lN−1 + 1

lN−1∑
mN−1=−lN−1

YlN−1,mN−1
(ΩN−1)Y

∗
lN−1,mN−1

(ΩN)]

= (S + 1)
(2S + 1)N

4π

∑
l1,l2,...,lN−1

Cl1

2l1 + 1

Cl2

2l2 + 1
...

ClN−1

2lN−1 + 1
δl1,l2δl2,l3 ...δlN−2,lN−1

= (S + 1)(2S + 1)N [
1

2N+1

1

3
+ (−)N−1 1

2N+1

1

3N
] = (2S + 1)N [

1

2N+1

2

3
+ 2(−)N−1 1

2N+1

1

3N
]
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where we used the relations Eq. 65 and∫
dΩcos2

θ

2
cos θYl,m(Ω) =

∫
dΩ

1 +
√

4π
3
Y10(Ω)

2

√
4π

3
Y10(Ω)Yl,m(Ω)

=
1

2
[

√
4π

3
δl=1δm=0 +

√
4π

3

√
4π

3

√
3 ∗ 3 ∗ (2l + 1)

4π

 1 1 l

0 0 0

 1 1 l

0 0 m

]

=
1

2
[

√
4π

3
δl=1δm=0 +

√
4π

3
δl=0δm=0 + (l ≥ 2)] (66)

Finally, we have

⟨Sz
1⟩ =

⟨Φ(1
2
, 1
2
)|Sz

1 |Φ(12 ,
1
2
)⟩

⟨Φ(1
2
, 1
2
)|Φ(1

2
, 1
2
)⟩

=
(2S + 1)N [ 1

2N+1
2
3
+ 2(−)N−1 1

2N+1
1
3N

]

(2S + 1)N [ 1
2N+1 + (−)N−1 1

2N+1
1
3N

]

=
2
3
+ 2(−)N−1 1

3N

1 + (−)N−1 1
3N

(67)

Furthermore, we can proof the general expression for any site i:

⟨Sz
i ⟩ = (−)i−1

2
3
(1
3
)i−1 + 2(−)N−1 1

3N
3i−1

1 + (−)N−1 1
3N

(68)

Hence, in the thermodynamic limit we have two important observations. First, the spin

magnetization has the real space distribution as

⟨Sz
i ⟩ →

2

3
(−1

3
)i−1 = (−)i−12

3
e−(i−1) ln 3 (69)

This explicitly shows that the spin magnetization is decreasing exponentially away from the

boundary of the chain with a length scale equal to ξ = ln 3, which is consistent with the

correlation length in the bulk (using periodic boundary condition). This leads to the picture

that emergent spin is localized near the open boundary therefore we can define the emergent

spin near the boundary as the edge spin. Second, the total net spin magnetization of edge

spin is

∆Sz|edge = lim
N→∞

∑
i∈edge

⟨Sz
i ⟩ →

∑
i

2

3
(−1

3
)i−1 =

1

2
(70)

Spin coherent state.— In order to calculate the quantities using AKLT wave-

function, it is convenient to introduce the concept of spin coherent state

[Arovas1988,Radcliffe1971,Arecchi1972]. To be specific, let us introduce the spin co-

herent state wavefunction here:

|Ω̂i⟩ =
uia

†
i + vib

†
i√

(2S)!
|0⟩, (71)
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and for a point Ωi = (θi, ϕi) on the unit sphere we define the parameters

ui = cos
θi
2
ei

ϕi
2 , vi = sin

θi
2
e−i

ϕi
2 . (72)

Here we have already fixed the U(1) gauge degree of freedom since it has no physical

content.

The spin coherent state defined this way satisfies several useful conditions, such as

Ω̂ · Ŝ|Ω̂⟩ = S|Ω̂⟩, (73)

⟨0|aS+lbS−l|Ω̂⟩ =
√

(2S)!us+lvS−l, (74)

and the completion relation

(2S + 1)dΩ̂

4π
|Ω⟩⟨Ω| = 1. (75)

Taking the advantage of spin coherent representation, we can calculate the quantities

using the ground state of AKLT model. For example, the normalization factor of the

ground state of AKLT model is obtained by:

N0 = ⟨V BS|V BS⟩ = ⟨V BS|
∏
i

[

∫
(2S + 1)dΩ̂i

4π
]|Ωi⟩⟨Ωi||V BS⟩

=
∏
i

∫
(2S + 1)dΩ̂i

4π
|uivi+1 − viui+1|2

=
∏
i

∫
(2S + 1)dΩ̂i

4π
[
1− Ω̂i · Ω̂i+1

2
]. (76)

To explicitly complete the integral, we need the relation

1− Ω̂i · Ω̂j

2
=

1

2
− 1

4
(Ω†

iΩ
−
j + Ω−

i Ω
†
j) +

1

2
Ωz

iΩ
z
j

= 4π[
1

2
Y00(Ω̂i)Y

∗
00(Ω̂j)−

1

6
Y1,−1(Ω̂i)Y

∗
1,−1(Ω̂j)−

1

6
Y1,0(Ω̂i)Y

∗
1,0(Ω̂j)−

1

6
Y1,1(Ω̂i)Y

∗
1,1(Ω̂j)]

= 4π
∞∑
l=0

Cl

2l + 1

l∑
m=−l

Yl,m(Ω̂i)Y
∗
l,m(Ω̂j)

and

C0 =
1

2
, C1 = −1

2
, Ck>1 = 0. (77)

Copyright by W
ei ZHU



20

Here we also introduced the spherical harmonics function Yl,m(Ω):

Y0,0(Ω) =
1√
4π
, Y1,−1(Ω) =

√
3

8π
sin θeiϕ, Y1,0(Ω) =

√
3

4π
cos θ, Y1,1(Ω) = −

√
3

8π
sin θe−iϕ

(78)

In the integral calculation, the orthogonal relation will be very helpful:∫
dn̂Yl,m(Ω̂)Y

∗
l′,m′(Ω̂) = δl,l′δm,m′ (79)

Haldane conjecture: O(3) non-linear sigma model with topological θ−term

For spin-1 Heisenberg chain, Haldane conjectured the ground state is gapped [Haldane,

1983]. He also proposed that an excitation gap exists not only for spin 1, but also for all

antiferromagnetic integer spin chains.

For spin-1 chain, one can deduce the Heisenberg point is smoothly connected to the AKLT

point (they are in the same phase actually). But AKLT model appeared in 1987, how did

Haldane get his proposal? We will review his 1983 seminar paper below.

Spin berry phase.— Imagine now that we want to compute the partition function

Z = Tr[e−βH ] = Tr[ lim
N→∞

(e−δtH)N ]

= lim
N→∞

(
2S + 1

4π
)N(

N∏
a=1

∫
d3naδ(n

2 − 1)⟨n(ta)|e−δtH |n(ta+1)⟩) (80)

Here we take the evolution of the system in imaginary time with periodic boundary

conditions. We can decompose the evolution in imaginary time into N infinitesimal

steps of length δt, using the Trotter expansion.

Keeping up to the first order in δt, we have

⟨n(ta)|e−δtH |n(ta+1)⟩ = ⟨n(ta)|n(ta+1)⟩ − δt⟨n(ta)|H|n(ta)⟩+O(δt2)

≈ ⟨n(ta)(|n(ta)⟩+ δt
d|n(ta+1)⟩

dt
)− δt⟨n(ta)|H|n(ta)⟩+O(δt2)

= 1 + δt[⟨n(ta)|ṅ(ta)⟩ − ⟨n(ta)|H|n(ta)⟩] +O(δt2)

≈ exp[δt[⟨n(ta)|ṅ(ta)⟩ − ⟨n(ta)|H|n(ta)⟩]] (81)
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We can write down the partition function as

Z ≡
∫
D[n]e−S[n], (82)

S[n] = −iS
∫ β

0

dτ ṅ ·A[n] +

∫ β

0

dt⟨n(t)|H|n(t)⟩+O(δt2) (83)

= −iSω[n(t)] +
∫ β

0

dt⟨n(t)|H|n(t)⟩+O(δt2) (84)

where ω[n(t)] is the total berry phase (solid angle), or the area in the unit sphere bounded

by the curve n(t). The berry connection is defined as

ṅ ·A[n] = ⟨n(t)|ṅ(t)⟩, A[n] = i⟨n|∇n|n⟩ (85)

Berry phase.— Assuming a physical system is depended on some parameters R =

(R1, R2, · · · , RN), we have the snapshot Hamiltonian H(R), its eigen-values and eigen-

states:

H(R)|n(R)⟩ = En(R)|n(R)⟩ (86)

where |n(R)⟩ can have an arbitrary phase prefactor.

The parameters R(t) are slowly changed with time t, then the adiabatic evolution of

time-dependent Schrodinger equation:

i
d

dt
|ψ(t)⟩ = H(R(t))|ψ(t)⟩ (87)

Taking the Ansatz |ψ(t)⟩ = eiωn(t)e−i
∫ t
0 En(R(t′))dt′|n(R(t))⟩, we have

i
d

dt
|ψ(t)⟩ = eiωn(t)e−i

∫ t
0 En(R(t′))dt′

[
−dωn(t)

dt
|n(R(t))⟩+ En(R(t))|n(R(t))⟩+ i| d

dt
n(R(t))⟩

]
(88)

Here e−i
∫ t
0 En(R(t′))dt′ is the dynamic phase, and ωn is the geometric phase which will be

clarified below.

We insert the above Ansatz into the rhs of the Schrödinger equation and use the

“adiabatic” condition H(R(t))|ψ(t)⟩ = En(R(t))|ψ(t)⟩,

−
(
d

dt
ωn

)
|n⟩+ i

∣∣∣∣ ddtn
〉

= 0 (89)
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Multiply from the left by ⟨n(R(t))|, and obtain the Berry phase expression:

d

dt
ωn = i⟨n(R(t))| d

dt
|n(R(t))⟩ = i

dR(t)

dt
⟨n(R)| ▽R |n(R)⟩ (90)

ωn(C) = i

∫
C
dt
dR(t)

dt
⟨n(R)|∇Rn(R)⟩ =

∫
C
i⟨n(R)|∇Rn(R)⟩dR (91)

We can define Berry connection:

A(n)(R) = i⟨n(R)|∇Rn(R)⟩ = −Im⟨n(R)|∇Rn(R)⟩ (92)

Gauge transformation |n(R)⟩ → eiα(R)|n(R)⟩, A(n)(R) → A(n)(R) − ∇Rα(R) and

ω =
∮
A(R)dR is gauge invariant.

It is better to give an example here: A spin-1/2 in the presence of time-dependent

magnetic field

H = −B(t) · S = −[σxX(t) + σyY (t) + σzZ(t)] (93)

We will let the direction of B in space be the control parameter of the Hamiltonian:

R(t) = (X(t), Y (t), Z(t)), R = |R| =
√
X2 + Y 2 + Z2.

The instantaneous eigenvalue is | − σ · R(t) − E| = 0, thus Em = mR(t),m = ±.

The Berry phase is calculated below. First, we have ∇R(t)H(R) = −σxêx − σyêy −

σz êz. Second, we calculate the element by choosing the direction of R along z-direction.

σz|±⟩ = ±|±⟩, σx|±⟩ = | − +⟩, σy|±⟩ = ±i| − +⟩. Third, ⟨+|∇RH|−⟩ = êx + iêy, and

⟨−|∇RH|+⟩ = êx − iêy. ⟨+|∇RH|−⟩ × ⟨−|∇RH|+⟩ = −2iêz. Thus we have B(+) =

−Im
∑
n′ ̸=n

⟨n|∇H|n′⟩×⟨n′|∇H|n⟩
(En−En′ )2

= êz
2R2 , and B− = − êz

2R2 . In general, for arbitrary direction

R⃗, we have

B(+) =
R⃗

2R3
,B(−) = − R⃗

2R3
(94)

The resulting berry phase for a circle-like loop on the sphere is

ωn =

∫
C
B(±) · dS = ±

∫ 2π

0

dϕ

∫ θ

0

dθ sin θRR⃗
R⃗

2R3
= ±π(1− cos θ) = ±Ω(C)

2
(95)

where Ω is the solid angular enclosed by the closed path C. Since the berry phase is

related the geometric path, we also call it as geometric phase.
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Note that B(+) = R⃗
2R3 ,B

(−) = − R⃗
2R3 implies the magnetic monopole! This is the same

formula we obtained earlier from the eigenstate formalism and is the flux through an area

bounded by the curve C of a monopole with strength ±1/2 located at the degeneracy.

The Berry curvature, which is gauge invariant, is singular at he origin R = 0 (but regular

everywhere else).

If a monopole of strength eM exists,, i.e. ∂ ·B = 4πeMδ(R), then the magnetic field

around it is B = eM
R
R3 , similar as the electric field generated by a charge. But electric

field is related to the potential as E = −∂V , it is impossible to find a regular-everywhere

vector potienal thatB = ∂×A. To proof this, let us consider a sphere S2 of radium R = 1

enclosing the monopole, and denote ΣN(S) as the north and south hemisphere, which meet

at the equator C. Next we have
∫
ΣN

B · ndS =
∫
C
A · dl, and

∫
ΣS

B · ndS =
∫
−C

A · dl.

Summing together the two fluxes we conclude that
∫
S2 B·ndS =

∫
C
A·dl+

∫
−C

A·dl = 0.

It is contrary to the fact that the flux should be 4πeM .

Again, another way of appreciating the singularity of vector potential, we can consider

a small circle C, of radius R sin θ, encircling the north pole of spehere at an angle θ. We

already know the magnetic flux through the solid angle 2π(1 − cos θ) enclosed by C is

eM2π(1− cos θ). We can represent such a flux by the line integral of a vector potential

A as ∫
A · dl = Aϕ2πR sin θ = eM2π(1− cos θ),→ Aϕ =

eM
R

1− cos θ

sin θ
(96)

which becomes singlular at θ.

We consider a one-dimensional antiferromagnetic Heisenberg spin chain:

H = J
∑
i

Si · Si+1, (97)

with J > 0. Using the spin coherent state, we have the effective action as

S[{ni}] = −iS
∑
i

ω[{ni}] + JS2

∫ β

0

dt
∑
i

⟨ni(t)|H|ni(t)⟩ (98)

In order to take the continuum limit in the spatial direction, we need to identify the low

energy, large scale degrees of freedom that can be considered as slowly varying fields in the
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action. We can then write the ansatz

ni = (−1)imi + aLi (99)

Here mi is the unit vector describing the magnetization |mi| = 1. In order to satisfy the

normalization condition |ni| = 1, we require that, up to the order a

mi · Li = 0. (100)

Here a the lattice spacing constant. The field Li, playing the role of angular momentum for

ni is chosen to have dimension of density and is responsible of a net magnetization which is

supposed to be small. The constant appearing in the front of Li is due to the physical unit,

which will become clear in the latter.

Using this ansatz, we have

H = JS2
∑
i

[(−1)imi + aLi][(−1)i+1mi+1 + aLi+1]

= −JS2
∑
i

mi ·mi+1 + JS2a2
∑
i

Li · Li+1 + JS2a
∑
i

(−1)i[mi · Li+1 +mi · Li−1]

= −JS2
∑
i

[1 + ami ·
∂mi

∂x
+
a2

2
mi ·

∂2mi

∂x2
] + JS2a2

∑
i

L2
i + 2JS2a2

∑
i

(−1)imi · Li +O(a3)

= −JS2
∑
i

[1 +
a2

2
mi · ∇2mi] + JS2a2

∑
i

L2
i +O(a3) (101)

where we used n · ∂xn = 0 and mi · Li = 0.

Next we turn to the Berry phase.∑
i

ω[{ni}] =
∑
i

ω[{(−1)imi + aLi}]

≈
∑
i

ω[{(−1)imi}] +
∫ β

0

dτ
δω[{ni}]
δn(τ)

· aLi (102)

There are two terms here. We can consider them one by one.

First, since the berry phase is related to the solid angle made of three spins, the solid

angle is odd under n → −n, we have

ω[{−ni}] = −ω[{ni}] (103)
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On the one-dimensional lattice, we have

L∑
i=1

(−1)iω[{mi}] =
L/2∑
i=1

ω[{m2i}]− ω[{m2i−1}]

=
1

2

∫ β

0

dτ

∫
dx
∂ω[{m(x, τ)}]

∂x
=

1

2

∫ β

0

dτ

∫
dx
δω[{m(x, τ)}]
δm(x, τ)

∂m(x, τ)

∂x

=
1

2

∫ β

0

dτ

∫
dx[

∂m(x, τ)

∂τ
×m(x, τ)] · ∂m(x, τ)

∂x
(104)

The factor of 1/2 appears because two adjacent sites are treated together.

In the last line, owing to ω[{n}] ∼
∫ β

0
dτ ṅ(τ) ·A,

δω[{n}] =
∫ β

0

dτδ(ṅ(τ) ·A)

=

∫ β

0

dτ [
∂Aα

∂nβ
δnβṅα + Aα ∂

∂t
δnα]

=

∫ β

0

dτ [
∂Aα

∂nβ
δnβṅα + Aα ∂

∂t
δnα] + [

∂Aα

∂nβ
ṅβδnα − ∂Aα

∂nβ
ṅβδnα]

=

∫ β

0

dτ
∂Aα

∂nβ
ϵαβγ(ṅ× δn)γ +

∫ β

0

dτ
d

dτ
(A · δn)

=

∫ β

0

dτn · (ṅ× δn) =

∫ β

0

dτδn · (n× ṅ) (105)

Here we have used the condition (from Stokes theorem): (∇×A) · n = 1 = ϵαβγ ∂Aα

∂nβ n
γ, so

ϵαβγ ∂Aα

∂nβ = nγ. Then we get the result

δω[{n}]
δn(τ)

=

∫ β

0

dτ
∂n(τ)

∂τ
× n(τ) (106)

Second, the second term in the Berry phase can be expressed as

a
∑
i

∫ β

0

dτ [
∂n(τ)

∂τ
× n(τ)] · Li ∼ a

∑
i

∫ β

0

dτ [
∂mi(τ)

∂τ
×mi(τ)] · Li (107)

Combining the Berry phase and the Hamiltonian term together, we reach

Seff = −iS 1
2

∫ β

0

dτ

∫
dx[

∂m(x, τ)

∂τ
×m(x, τ)] · ∂m(x, τ)

∂x

+

∫ β

0

dτ

∫
dx[

JS2a2

2
|∇m(x, τ)|2] + JS2a2L(x, τ)2]− iSa[

∂mi(τ)

∂τ
×mi(τ)] · Li

(108)
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We immediately notice that this action is quadratic in the variable L(x, τ). We can then

integrate out this variable and obtain the final result:

Seff = −iS 1
2

∫ β

0

dτ

∫
dx[

∂m(x, τ)

∂τ
×m(x, τ)] · ∂m(x, τ)

∂x

+

∫ β

0

dτ

∫
dx[

JS2a2

2
∇2

xm(x, τ)] +
1

4Ja
(
∂m(x, τ)

∂τ
)2 (109)

≡ 1

g

∫
dx

∫
dτ [v(∂xm(x, τ))2 +

1

v
(∂τm(x, τ))2] +

iθ

8π
ϵijm(x, τ) · (∂im(x, τ)× ∂jm(x, τ)).

(110)

where g = 2/S, v = 2aJS is the spin wave velocity and most importantly, θ = 2πS. This is

so-called non-linear σ model. (The d-dimensional case without Berry phase has been studied

before.)

Since in each point of the space time m can also be viewed as an element of S2, the

mapping m(x, τ) corresponds to an embedding of the sphere into the sphere ((x, τ) →

m(x, τ)). Such embeddings are classified by what is called the second homotopy group of

the sphere π2(S
2) = Z. To each embedding corresponds an integer (element of Z) given by

the Pontryagin index:

Q ≡ 1

8π

∫
dx

∫
dτϵijm(x, τ) · (∂im(x, τ)× ∂jm(x, τ)) ∈ Z (111)

This number counts how often the unit sphere is wrapped by this projection. Q is called

the Skyrmion number. We conclude that the first term on the right-hand side in action,

the Berry phase, is given by e−i2πSQ. In the case when S is an integer, because Q is also an

integer, e−i2πSQ = 1, and the Berry phase can be ignored. However, for a half-odd-integer

spin, e−i2πSQ = (−1)Q, and depending on whether Q is odd or even, the sign does change.

That the low-energy properties of the 1D quantum spin system are drastically different

between S = 1, 2, 3, ... and S = 1/2, 3/2, ... [Haldane, 1983]. Another general picture is,

when spin S is an integer (where berry phase can be ignored), Seff is always positive. In

this case, quantum fluctuations in the path integral are not important. In contrast, for

half-integer S, the quantum fluctuations is strong owing to quantum interference caused

by the alternating berry phase. Therefore, the staggered component m(x, τ) experiences

less quantum effect for integer spin; on the other hand, it behaves stronger fluctuations in

half-odd-integer spin case. As a result, the spin m(x, τ) shows longer-range correlation in

the half-odd integer spin. It is consistent with the gap values: For half-odd integer spin the
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system is gapless (due to LSM), so the correlation length is ξ ∼ m−1 → ∞; for integer spin

the system is gapped, with a finite correlation length.

Skyrmion quantum number.— The topological index of the field can be described

mathematically as

Q ≡ 1

4π

∫
dx

∫
dτm(x, τ) · (∂xm(x, τ)× ∂ym(x, τ)) (112)

where Q is the topological index, m is the unit vector in the direction of the local

magnetization within the magnetic thin, ultra-thin or bulk film, and the integral is

taken over a two dimensional space. (A generalization to a three-dimensional space is

possible). Passing to spherical coordinates for the space (x, y) = (r cosα, r sinα) and

for the magnetisation m = (m cosϕ sin θ,m sinϕ sin θ,m cos θ), one can understand the

meaning of the skyrmion number. Then the topological skyrmion number reads:

Q =
1

4π

∫ ∫
dθ

dr

dϕ

dα
sin θdαdr =

1

4π
[cos θ]

θ(r=0)
θ(r=∞)[ϕ]

ϕi

ϕf
= ±W (113)

where +(−) is for the origin θ(r = 0) = π(0) andW is the winding number. The winding

number allows to define the skyrmion ( ϕ(α) ∝ α with a positive winding number and

the antiskyrmion ϕ(α) ∝ −α with a negative winding number.

The configuration is illustrated schematically (for a two dimensional skyrmion) in

figure 4.

Copyright by W
ei ZHU



28

FIG. 4: The vector field of two-dimensional magnetic skyrmions: a) a hedgehog skyrmion and b)

a spiral skyrmion.
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2D ISING MODEL

The Ising model was originally introduced by Lenz in 1920, to describe the transition

from a para- to a ferromagnetic phase in a magnetic lattice. The solution was given by Ising

(1925) in dimensions d = 1. Later, it has become a paradigm for several different systems,

including binary alloy, lattice gases, and large biological molecules (Huang’s textbook). The

reason of its relevance and popularity resides on the fact that it accounts for an order-

disorder transition on a lattice by dealing with a minimum number of variables and external

parameters. Beyond d = 1, the exact solution are available in two dimension d = 2, first

in a vanishing external field [Onsager Phys. Rev. 65, 117 (1944); Kaufman Phys. Rev.

76, 1232 (1949)], and then in a nonzero external field (Yang, 1952). This allows to extract

all details of the model, including its critical exponents, which can then be compared with

approximate or numerical estimates of similar models. Actually, in quite a long time, it is

the only non-trivial example of a phase transition that can be worked out with mathematical

rigor. In three and more dimensions, a mean-field approximation is still capable of grasping

most of the features of the Ising model.

Consider a d-dimensional lattice with N sites, and assume that the state of each lattice

site, labeled by i, with i = 1, ..., N , can be characterized by the value of a single variable,

say σi, taking only the possible values σi = ±1. For the sake of definiteness, we might

think of magnetic spins residing on such sites, with σi = 1 corresponding to a spin up, and

σi = −1 corresponding to a spin down. The Ising model is then a minimal model allowing

for interaction between spins residing at nearest-neighbour sites in the lattice, and for spins

with an external magnetic field, B say. The ‘Hamiltonian’ (i.e. the classical energy) of the

model is then given by

H = −J
∑
⟨ij⟩

σiσj −B
∑
i

σi (114)

Here, −J is the interaction energy between sites i and j, and the summation restricts that to

nearest-neighbouring sites only. In the following, for the sake of simplicity, we shall assume

−J < 0. The number of nearest neighbours, or coordination number, z, is determined by

the geometry of the lattice, being z = 2d for a cubic lattice in d-dimensions.

The Ising model differs from the Heisenberg model in that the spins are purely classical.
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They do not obey quantum commutation relations as do the spins in the Heisenberg model.

The partition function (in canonical ensemble) of the Ising model can be written as

Z =
∑

σi=±,...,σN=±

e−βH (115)

where the summation is over all possible values of spins. According to the laws of statistical

mechanics, the partition function determines thermodynamic properties. For example, the

thermal dynamic functions are obtained in the usual manner from the free energy:

F = −β lnZ (116)

Some other quantities such as the specific heat can be obtained by

C =
∂U

∂T
, U = −kT 2∂F

∂T
(117)

The thermal average of the magnetization M =
∑

i σi can be extracted from the partition

function as

⟨M⟩ = ⟨
∑
i

σi⟩ = kBT
∂

∂B
logZ (118)

The central interest about Ising model is the phase transition from an ordered state to

a disordered state (details will be discussed below). Above the critical temperature Tc the

system is in a disordered state, which corresponds to a random distribution of the spin values.

Below the critical temperature Tc (nearly) all spins are aligned, even in the absence of an

external applied magnetic field H. If we heat up a cooled ferromagnet, the magnetization

vanishes at Tc and the ferromagnet switches from an ordered to a disordered state. This is

a phase transition of second order. This will be the main topic in this course.

Mapping from two-dimension classical Ising model to quantum transverse Ising

model

Let us move to study the case in 2d. The result will be different from the case in 1d.

We start with the partition function again

Z =
∑

σ1=±,...,σN=±

exp[−βH], H = −J
∑
⟨ij⟩

σiσj (119)
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Since we are dealing with the model in two dimension (squared mesh), it is better to introduce

coordinates (p, q) for each site, where p, q ∈ Z, and denote the coordinates in x- and y-

direction, respectively. We generalize our model allowing for different couplings along the

x- and y-directions, and having N sites in the x-direction and M-sites in the y-direction but

keeping periodic boundary conditions (p.b.c) along both directions. With all these changes,

the Hamiltonian can be written as follows:

H =
M∑
q=1

L(q, q + 1) (120)

L(q, q + 1) =
N∑
p=1

(−Jxσp,qσp+1,q − Jyσp,qσp,q+1) (121)

We consider first the case Jx = 0, that corresponds to N decoupled one-dimensional Ising

models. Let us consider one of those chains, say the p-th one and at a given site q. Then,

the partition function consists of a product of terms as follows,

Zp =
∑

σp,1,...,σp,M

∏
T y
p,q, T y

p,q = eβJyσpqσp,q+1 (122)

Since the variables σp,q have two possible values, we can represent them by a two component

vector (a spinor):

σp,q = 1 = (1, 0)T , σp,q = −1 = (0, 1)T (123)

such that the transfer matrix T y
pq is the same as that in 1d case discussed in the previous

section:

T y
σpq ,σp,q+1

=

 eβJy e−βJy

e−βJy eβJy


σpq ,σp,q+1

(124)

Since a 2× 2 matrix can be written in terms of Pauli matrices, we have

T y = eβJyI + e−βJy σ̂x = eβJy(1 + e−2βJy σ̂x) (125)

(Here transfer matrix T y should be understood by ⟨σp,q+1|T y|σp,q⟩ = eβJyσpqσp,q+1 .)

At this point we recall that T y
pq is part of a partition function, and therefore, it would be

easier to interpret what we have, if we could express it as the exponential of an operator.

Since

eaσ̂
x

= cosh a+ sinh aσ̂x = cosh a(1 + tanh aσ̂x) (126)

Copyright by W
ei ZHU



32

we can set tanh a = e−2βJy , so we obtain

T y = (sinh a cosh a)−1/2 exp[aσ̂x] = (2 sinh(2Jy))
1/2 exp[aσ̂x] (127)

where we used the relation

tanh a = e−2Jy , cosh2 a− sinh2 a = 1 → cosh2 a =
1

1− e−4Jy
(128)

Until now, we were discussing the one-dimensional Ising model. The corresponding par-

tition function is

Zp =
∑

σp,1,...,σp,M

T y
σp,1,σp,2

T y
σp,2,σp,3

...T y
σp,M ,σp,1

= Tr[(T y)M ] (129)

where T y is the transfer matrix along y-direction. Since the trace is invariant under a unitary

transformation, it is more informative to look at the trace after diagonalizing T y, similar to

the discussion in one-dimension case.

For the two-dimensional case, we have still to switch on Jx. Please note that, in above

we have introduced matrix σ̂x and defined the basis of |σp,q = ±1⟩. Next we can consider

two columns p and p+ 1, and we require the transfer matrix T x satisfying

⟨σp,q|T x|σp+1,q⟩ = eβJxσp,qσp+1,q (130)

Here we see that the operator T x should be such that its matrix elements contain no infor-

mation on the states at q + 1. One notices that the following form meets the requirements:

T x
pq = exp[βJxσ̂

z
pqσ̂

z
p+1,q] (131)

With the results above we arrive at the partition function for the whole system

Z = (2 sinh 2Jy)
NM/2Tr[TM ] (132)

T = exp[Jx
∑
p

σ̂z
pσ̂

z
p+1] exp[a

∑
p

σ̂x
p ] (133)

This is now the transfer matrix for the two-dimensional anisotropic Ising model. In

contrast to the one-dimensional case, we have now instead of a 2 × 2 matrix, a 2N × 2N

dimensional array. It is however possible to solve the problem exactly, by means of a Jordan-

Wigner transformation making fermions out of spins.
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We first notice that the two exponentials (σ̂x, σ̂z) do not commute with each other. This

makes in fact the problem really quantum mechanical. Performing these replacements, we

can write

Z ∼ Tre−βH , H = −J
∑
p

σz
pσ

z
p+1 − h

∑
p

σx
p (134)

This is the one-dimensional Hamiltonian of the Ising model with transverse field, that due

to the presence of two noncommuting pieces is a genuinely quantum mechanical model.

Please note that, no thermal fluctuations in the new model, but the quantum fluctuations

appear. In this regarding, the above mapping provides an example the equivalence between

d+ 1-dimensional classical model and d−dimensional quantum model.

The so-called transverse Ising model is a canonical model in the study of quantum critical

point or quantum phase transition. It is the simplest model with a quantum critical point.

It is exactly solvable, as we will show below. It also connects with the conformal field theory,

so it is really very important.

Phase diagram

In the limit of h→ 0, the ground state is an Ising ferromagnet that spontaneously breaks

Z2 symmetry. The two-fold degenerate ground states are

|Ψ↓⟩ = | ↓1↓2 · · · ⟩, |Ψ↑⟩ = | ↑1↑2 · · · ⟩. (135)

When h→ ∞, the ground state is a trivial paramagnet that preserves Ising symmetry,

|Ψx⟩ = |+1 +2 · · · ⟩,+ =↑ − ↓ . (136)

The above analysis matches the Monte Carlo simulations as shown in Fig. ??. The global

phase diagram of the model is easy to image. The interesting problem is, where is the

transition point?

Duality

There is a duality transformation which defines new Pauli operators in a dual lattice

τxi = σz
i σ

z
i+1, τ

z
i =

∏
j≤i

σx
i (137)
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FIG. 5: Phase diagram of 1+1D transverse Ising model.

then these τxi and τ zi satisfy the same commutation and anti-commutation relations of σx
i

and σz
i , i.e. {τai , τ bj } = 2δab. And the original Hamiltonian can be written in terms of τx,z as

H = −J
∑
p

τxp − h
∑
p

τ zp+1τ
z
p (138)

where we used the condition that τ zp−1τ
z
p =

∏
j<p σ

x
i

∏
i<p+1 σ

x
i = σx

p

Since these two Hamiltonian take the same algebra, they should be the same (which

means energy spectra, eigenvalues are all the same). But, we notice that the parameter

exchange: J ↔ h. This is called duality. In this case, if there is a phase transition point, it

should satisfy the condition of (by setting J = 1)

hc =
1

hc
⇒ hc = 1 (139)

⋄ Homework: Please prove the commutation relation between τxi and τ zi .

The key feature is, we got a phase transition point hc ̸= 0 in 2d, which is quite different

from that of 1d. The global phase diagram can be mapped out easily (see Fig. 5).

Wigner-Jordan transformation

Next we consider the 1+1 D transverse Ising chain with periodic boundary condition.

The stategy is to use the fermionic representative [Two-dimensional Ising model as a soluble

Copyright by W
ei ZHU



35

problem of many fermions, T. D. Schultz, D. C. Mattis, E. H. Lieb]. Here we make the

Jordan-Wigner transformation

cn =
σx
n + iσy

n

2

∏
m<n

σz
m, c

†
n =

σx
n − iσy

n

2

∏
m<n

σz
m, (140)

σ+
n =

∏
m<n

(1− 2c†mcm)cn, σ
−
n =

∏
m<n

(1− 2c†mcm)c
†
n, σ

z
n = 1− 2c†ncn (141)

The string
∏

m<n(1− 2c†mcm) takes values ±1, depending on even/odd number of fermions

on the left side of n. One can check that,

{cn, c†m} = δm,n, {cn, cm} = {c†n, c†m} = 0 (142)

[σ+
n , σ

−
m] = δn,mσ

z
n, [σ

z
n, σ

±
m] = ±2δn,mσ

±
n (143)

(Only the Pauli matrix with the same site index should consider the commutation relation

{σa
i , σ

b
j} = 2δijδab, [σ

+
i , σ

−
j ] = δijσ

z
j .)

Under the Jordan-Wigner transformation, the Hamiltonian becomes

H =
∑
n

σz
n −

∑
n

σx
nσ

x
n+1

=
N∑

n=1

(1− 2c†ncn)−
N−1∑
n=1

[c†nc
†
n+1 + c†ncn+1 + h.c.] + (c†Nc

†
1 + c†Nc1 + h.c.)eiπN ,N =

∑
n

c†ncn

(144)

with

σx
nσ

x
n+1 = [

∏
m<n

(1− 2c†mcm)](cm + c†m)[
∏

k<n+1

(1− 2c†kck)](ck + c†k)

= (c†n + cn)(1− 2c†ncn)(cn+1 + c†n+1)

= c†ncn+1 + c†nc
†
n+1 + h.c. (145)

The boundary term comes from that σx
Nσ

x
1 = eiπ

∑
j<L njc†Nc1 = −eiπ

∑
j≤L njc†Ncl =

−eiπN c†Ncl, because to the left of c†N we certainly have nN = 1. This shows that boundary

condition are changed by fermion parity eiπN = (−1)N and periodic boundary condition

become anti-periodic boundary condition when N is even. And odd N relates to periodic

boundary condition. Therefore, the real spin problem is not exactly the same with free

fermion. Next, for odd N , we set eikN = 1, k = 2πn
N
, n = −N/2 + 1, ..., 0, ..., N/2, for even

N , we set eikN = −1, k = ±π(2n−1)
N

, n = 1, ..., N/2.
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In terms of momentum space cj =
1√
N

∑
k e

ikjck, the Hamiltonian becomes

H = −
∑
k

[2 cos(k)c†kck + (eikc†kc
†
−k + h.c.)] +

∑
k

(2c†kck − 1)

=
∑
k

[(1− cos(k))(c†kck − c−kc
†
−k)− (eikc†kc

†
−k + h.c.)]

=
∑
k>0

[(1− cos(k))(c†kck − c−kc
†
−k)− (eikc†kc

†
−k + h.c.)] +

∑
k<0

...

=
∑
k>0

[2(1− cos(k))(c†kck − c−kc
†
−k)− (2i sin(k)c†kc

†
−k − 2i sin(k)c−kck)]

=
∑
k>0

(c†k, c−k)

2(1− cos(k)) −2i sin(k)

2i sin(k) 2(1− cos(k))

 ck

c†−k

 (146)

where we used
∑

k 2 cos(k)c
†
kck =

∑
k cos(k)(c

†
kck−c−kc

†
−k), and

∑
k(2c

†
kck−1) =

∑
k(c

†
kck−

c−kc
†
−k).

The diagonalization is akin to Bogovliubov transformation, and all eigenvalues can be

calculated:

Λ(k) = ±2
√

(cos(k)− 1)2 + sin2(k) = ±2 sin
k

2
(147)

So we obtain that, for odd N, we have eikN = 1, k = 2πn
N
, n = −N/2, ..., 0, ..., N/2,

H =
N−1∑
n=0

Λ−(n)(η†nηn −
1

2
) + const. (148)

Λ−(n) = [(1− cos
2πn

N
)2 + (sin

2πn

N
)2]1/2 = 2 sin

2πn

2N
(149)

where Bogoliubov particle as

 cq

c†−q

 =

 uq −ivq
−ivq uq

 ηq

η†−q

. (We have used that H =∑
k>0 Λ(k)(η

†
kηk + η−kη

†
−k) =

∑
k Λ(k)(η

†
kηk − 1/2)) For even N, we know the boundary

condition is eikN = −1, k = ±π(2n−1)
N

, n = 1, ..., N/2.

H =

N/2∑
n=1

Λ+(n)(η†nηn −
1

2
) + const. (150)

Λ+(n) = [(1− cos
π(2n− 1)

N
)2 + (sin

π(2n− 1)

N
)2]1/2 = 2 sin

π(2n− 1)

2N
(151)

The expression for H in above allows to immediately conclude that the ground state of

the Hamiltonian must be the Bogoliubov vacuum state |0⟩ which annihilates the η⃗k|0⟩ = 0
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for all k. Thus, the ground state energy is

E+
0 = −1

2

N/2∑
n=1

Λ+(n) + const. = −csc π
2N

+ const ≈ −2N

π
− π

12N
+ ... (152)

E−
0 = −1

2

N/2−1∑
n=1

Λ−(n) + const. = −cot π
2N

+ const ≈ −2N

π
+

π

6N
+ ... = E+

0 +
π

4N
(153)

Compare E+
0 (1/N term) with CFT, we have c = 1/2. And we used csc(x) ≈= 1

x
+ x

6
+

.., cot(x) ≈ 1
x
− x

3
+ ..

The lowest excited energy in even sector is

E+
1 = Λ+(1) + Λ+(N/2) + E+

0 = 4 sin
π

2N
+ E+

0 ≈ 2π

N
+ E+

0 (154)

Thus, compared with CFT, we have

∆ = ∆̄ = 1/2 (155)

In the odd sector, we have

E−
0 = E+

0 +
π

4N
(156)

Compared with CFT,

∆σ = ∆̄σ = 1/16 (157)

This is related to the Majorana mode!
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2D XY MODEL

Let us consider the XY (or rotator) model in a finite rectangle with periodic boundary

conditions. (Actually, this is a preparation for future study. We will come back to this

model again in future.) We include an external field in the z direction:

H = −
∑
⟨i,j⟩

cos(θi − θj)− h
∑
j

cos θj (158)

Let N denote the number of sites in the rectangle and define

m =
1

N

∑
j

⟨cos θj⟩ (159)

Then, Mermin-Wegner theorem states

lim
h→0

m = 0 (160)

There are two ways to calculate it. One is to prove it using a phenomenogical method, and

the other one is a direct calculation.

Low-temperature expansion

We calculate the magnetization as shown below.

In a low-temperature expansion, the angle difference between two spins will be small:

|θi − θj| ≪ 2π. In this small fluctuation regime, we can approximate the cosine term in the

hamiltonian to extract the long-range behavior.

H = −J
∑
<i,j>

cos (θi − θj)

= −JN +
J

2

∑
<i,j>

(θi − θj)
2

= E0 +
J

4

∑
r,a

(θ(r+ a)− θ(r))2

≃ E0 +
J

2

∫
d2r(∇θ(r)2 . (161)

In the last line, we have taken the continuum limit, and replaced the field θi by a continu-

ous one, θ(r), as slowly varying function of r. From this, we can extract a lot of information

about the magnetization and correlation functions.
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Average magnetization

We calculate the average magnetization in the x direction for the 2D XY model (y is

identical). We have:

⟨Sx⟩ =< cos θ(r) >=< cos θ(0) > (162)

=
Tr{θi} cos θ(0)e

−βH

Tr{θi}e
−βH

(163)

= Re

(
1

Z

∫
D[θi]e

−βH+iθ(0)

)
(164)

where Z is the partition function Tr{θi}e
−βH , and in the first line, we took advantage of

translation invariance to set the spin at site r = 0. In order to calculate that expression, we

Fourier transform the θ variable, with periodic boundary conditions. We then have

θ(r) =
1√
N

∑
k

θke
ik·r , (165)

θ(r = 0) =
1√
N

∑
k

θk (166)

This leads to, after Gaussian integral:

< Sx >= exp

(
− T

2J
Id(L)

)
, (167)

with Id(L) a geometric factor written as (by setting a momentum UV cut-off Λ ∼ π/a)

Id(L) = Sd

∫ π/a

π/L

dkkd−3 =


L2−d, d < 2

ln
(
L
a

)
, d = 2

1
d−2

(π
a
)d−2, d > 2

(168)

Therefore,

lim
L→∞

⟨Sx⟩ =

0, d ≤ 2

exp(− Sd

2Ja2−dAT ), d > 2
(169)

Then, for any T ̸= 0 and d = 2, the logarithmic divergence of this geometric factor will force

< Sx >= 0. This is directly the statement of the Mermin-Wagner theorem. Hence there

can be no ordered low-temperature phase (in the conventional long-range order) in the 2D

XY model.
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Correlation functions

We now set on the same path, but for the spin-spin correlation function in d = 2:

g(r) =< exp {i(θ(r)− θ(0))} >=<
Tr{θi}e

i(θ(r)−θ(0))e−βH

Tr{θi}e
−βH

>

= e−
1
2
<[θ(r)−θ(0)]2> = e−<θ2(0)−θ(r)θ(0)>. (170)

This is a conclusion for a Gaussian Hamiltonian: < exp {i(θ(r)− θ(0))} >= e−
1
2
<[θ(r)−θ(0)]2>.

Then we have

< θ2(0)− θ(r)θ(0) > =

∫
d2k1
(2π)2

∫
d2k2
(2π)2

< θ(k1)θ(k2) > (1− eik1·r)

= T

∫ Λ

0

1− eik1·r

k2

= T
1

4π2

∫ 2π

0

dϕ

∫ Λ

0

dk
1

k
(1− eikr cosϕ) = T

1

2π

∫ Λ

0

dk
1− J0(kr)

k

≈ T

2π
ln
r

a
(171)

So

g(r) = e−
T
2π

ln r
a = (

r

a
)−η(T ), η =

T

2π
(172)

and we can conclude from this that, at low-temperatures, the XY model has an quasi-

long-range correlations with index η temperature dependent. This means that, at all low-

temperatures, the system is critical.

⋄ Think about is: How can there be a finite temperature transition in two-dimension?

Vortices and entropic argument

Vortices are topological defects of the field θ(r), satisfying the Laplace equation ∇2θ(r) =

0. Apart from the trivial solution to this equation (θ(r) = 0, the ferromagnetic ground state),

there are solutions called vortices. For a single vortex situated at r0, the circulation loop

integral around it needs to be quantized:

∮
r0

∇θ(r) · dl = 2πn, (173)
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FIG. 6: (a) Following the vectors around the plaquette in a counterclockwise way, the vectors turn

2π while we circle 2π. This is a vortex. Its core radius is r, therefore the energy of such a vortex

is E ∼ ln(R/r). In (b), the vectors wind by −2π while we circle counterclockwise - this is an

antivortex.

with n < 0 corresponding to clockwise winding vortices, and n > 0 to anticlockwise. Such

configurations are illustrated in Fig. 6.

Can the proliferation of these objects be a reason for the quasi-long-range order? To

estimate this, we consider the cost to the free energy ∆F = ∆E − T∆S of adding a free

vortex into a system without vortex. In order to estimate the energy generated by the

presence of an isolated vortex, we must first estimate ∇θ. We use our equation 173, from

which we estimate that, if there is one vortex on the lattice, then ∇θ = n
r
θ̂. Therefore, the

energy difference associated with this isolated vortex is

∆E =
J

2

∫
d2r(∇θ(r))2 = πJn2

∫ L

a

dr

r
= πJn2 ln

L

a
, (174)

with L being the linear dimension of the system. We note that is a truly continuous system,

we would have to start the integral at 0. However, our integral would then be divergent. It

is therefore important here to consider the fact that all of this truly takes place on a lattice,

where we have a lower spatial bound to this integral, the lattice constant a.

We then calculate the entropic cost to the creation of a vortex. We have that ∆S =
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kB lnΩ, with Ω being the number of microstates that can be occupied with one vortex.

Since we work on a lattice of size L2 with a lattice constant a, this means there are (L/a)2

ways to put this one vortex on the lattice. Hence, we have:

∆S = kB ln (L/a)2 = 2kB lnL/a . (175)

Hence, the cost in free energy to the creation of an isolated vortex is, in this heuristic

approximation,

∆F = ∆E − T∆S = (πJn2 − 2kBT ) ln
L

a
. (176)

We can clearly see the following two regimes:

• For kBT < πJ/2, ∆F > 0, and then isolated vortices are unfavourable. If they exist

at all in the system, it will be in neutral pairs, where their effect at long distance is

negated;

• For kBT > πJ/2, ∆F < 0, and then isolated vortices are favourable and proliferate.

This provides us with our first crude estimate for the KT transition: kBTc = πJ/2.

We can now say that it is the unchecked proliferation of free vortices that kills the quasi-

long-range order and leads to disorder. This remarkably simple argument from Kosterlitz

and Thouless is not too far from the truth; one has to include the effect of the screening

of ambient vortex pairs in the system to the interaction strength J to get a faithful and

complete picture. To further probe this mechanism, we need to map the spin model to that

of the 2D Coulomb gas and proceed with a renormalization group analysis.

Kosterlitz-Thouless Transition

Let µ = x, y label the unit vectors along the nearest-neighbor bonds on the square lattice.

The partition function can be written as

Z =

∫ ∏
i

dθi
2π
e

J
T

∑
i,µ cos(θi−θi+µ) =

∫ ∏
i

dθi
2π
e

J
T

∑
i,µ cos(∆µθi) (177)

Next we would like to introduce a Fourier transformation:

F (miµ) =
1

2π

∫ 2π

0

d(∆µθi)e
−imiµ∆µθie

J
T
cos(∆µθi) = Imiµ

(
J

T
) (178)
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where Iν(x) is modified Bessel function. And we assume the temperature is low, J/T ≫ 1, so

we take asymphobic form: Iν(x) ≈ 1√
2πx

e−
ν2

2x . Plugging in this form into partition function,

e
J
T
cos(∆µθi) ≈

√
T

2πJ
e

J
T

+∞∑
miµ=−∞

eimiµ∆µθi−
Tm2

iµ
2J (179)

Z =

∫ 2π

0

∏
i

dθi
2π

∑
miµ

e−
T
2J

∑
iµ m2

iµ+i
∑

iµ miµ∆µθi

=

∫ 2π

0

∏
i

dθi
2π

∑
miµ

e−
T
2J

∑
iµ m2

iµ+i
∑

iµ miµ(θi+µ−θi)

=

∫ 2π

0

∏
i

dθi
2π

∑
miµ

e−
T
2J

∑
iµ m2

iµ+i
∑

iµ(miµ−mi−µ,µ)θi

=
∑
miµ

δ(∆⃗ · m⃗i)e
− T

2J

∑
iµ m2

iµ (180)

At the last line, we integral θi and give a constraint

∆⃗ · m⃗i =
∑
µ

∆µmiµ =
∑
µ

(mi+µ,µ −miµ) = 0 ⇒
∑
µ

miµ = 0 (181)

which means the lattice divergence of m⃗ field of every site is zero.

Next we deal with this constraint. We introduce a dual lattice, where integer variables n

defined as:

mi,x = ni+x+y
2

− ni+x−y
2

(182)

mi,y = ni+ y−x
2

− ni+x+y
2

(183)

mi,−x = ni−x+y
2

− ni+ y−x
2

(184)

mi,−y = ni+x−y
2

− ni−x+y
2

(185)

so that one can check the above constraint
∑

µmiµ = 0 is satisfied automatically.

So we get the partition function defined on the dual lattice

Z =
∑
ni

e−
T
2J

∑
iµ(ni+µ−ni)

2

(186)

=

∫ ∏
i

dϕi

∑
ni

e−
T
2J

∑
iµ(ϕi+µ−ϕi)

2−2πi
∑

i ϕini (187)
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In the last line, we used the Possion formula:

∞∑
n=−∞

g(n) =
∞∑

n=−∞

∫
dϕg(ϕ)e−2πinϕ (188)

At this step, if we integral out ϕ field, the partition function is like
∑

ni,nj
exp[ninj ln |ri−

rj|] (see the above section), which is like the interaction term of 2D Coulomb gas. This term

will be divergent, when xi = xj. To remove this divergence, we introduce the “core” energy

of each vortex Ec, which cancels the divergence when xi = xj. Adding this term back to the

action, we obtain

Z =

∫ ∏
i

dϕi

∑
ni

e−
T
2J

∑
iµ(ϕi+µ−ϕi)

2−2πi
∑

i ϕinie−
Ec
T

∑
i n

2
i (189)

where y = e−
Ec
T is also called fugacity of vortices.

Next we have to use an approximation as∑
ni

e−2πiniϕiyn
2
i ≈ 1 + 2y cos(2πϕi) + 2y4 cos(4πϕi) + ... ≈ e2y cos(2πϕi)+O(y2) (190)

and we re-write the partition function as∫ ∏
i

dϕie
− T

2J

∑
iµ(ϕi+µ−ϕi)

2+2y
∑

i cos(2πϕi) (191)

where ϕi is dual or disorder variable. ϕi are ordered at high T and disordered at low T

(opposite to θi). In the continuum limit, it is

Z =

∫
Dϕe−

∫
d2x[ T

2J
(∇ϕ)2+2y cos(2πϕ)] (192)

This is the sin-Gordon model, which is dual to the XY model.
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Renormalization-group analysis

We separate the fast and slow modes ϕ = ϕ< + ϕ>, and ϕ< contains only the Fourier

components with k < Λ/b. The partition function becomes

Z =

∫
Dϕ<Dϕ>e

−
∫
d2x[ T

2J
(∇ϕ<)2+(∇ϕ>)2e2y

∫
d2x cos(2π(ϕ<+ϕ>))] (193)

≈
∫
Dϕ<Dϕ>e

−
∫
d2x[ T

2J
(∇ϕ<)2+(∇ϕ>)2×

[1 + 2y

∫
d2x cos(2π(ϕ< + ϕ>)) + 2y2

∫
d2x

∫
d2x′ cos(2π(ϕ<(x) + ϕ>(x))) cos(2π(ϕ<(x

′) + ϕ>(x
′)))]]

= Z<

∫
Dϕ>e

−
∫
d2x T

2J
(∇ϕ>)2 [1 + 2y

∫
d2x cos(2πϕ<)⟨cos(2πϕ>)⟩>+

2y2
∫
d2x

∫
d2x′ cos(2πϕ<(x)) cos(2πϕ<(x

′)))⟨cos(2πϕ>(x) cos(2πϕ>(x
′))⟩>+

2y2
∫
d2x

∫
d2x′ cos(2πϕ<(x)) cos(2πϕ<(x

′)))⟨sin(2πϕ>(x) sin(2πϕ>(x
′))⟩>] (194)

Defining th correlation function

g>(r) = (2π)2⟨ϕ>(r)ϕ>(0)⟩> (195)

and

⟨cos(2πϕ>(r))⟩ = e−
1
2
g>(0) (196)

⟨cos(2πϕ>(r)) cos(2πϕ>(r
′))⟩ = e−g>(0) cosh(g<(x− x′)) (197)

⟨sin(2πϕ>(r)) sin(2πϕ>(r
′))⟩ = e−g>(0) sinh(g<(x− x′)) (198)

The action for the slow modes is

S< =
T

2J

∫
d2x(∇ϕ<(r))

2 − 2ye−
1
2
g>(0)

∫
d2x cos(2πϕ(x))

− y2e−g>(0)

∫
dxdy[cos(2π(ϕ<(x) + ϕ<(y)))(e

−g>(x,y) − 1) + cos(2π(ϕ<(x)− ϕ<(y)))(e
g>(x,y) − 1)]

(199)

To the first order in fugacity, the result of the momentum shell integration gives the

change of fugacity:

y → y(b) = b2ye−
1
2
g>(0) (200)

g>(0) =
2π

T

∫ Λ

Λ/b

dk

k
=

2π

T
ln b (201)
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The renormalization of temperature derives from the second-order terms in S<. Expand-

ing ϕ<(y) around x, to the leading order in gradients one can write

cos(2π(ϕ<(x)− ϕ<(x
′))) ≈ 1− 1

2
(2π(x′ − x) · ∇ϕ<(x))

2 (202)

cos(2π(ϕ<(x) + ϕ<(x
′))) ≈ cos(4πϕ<(x))− 2π sin(4πϕ<(x))((x

′ − x) · ∇ϕ<(x)) (203)

Then we got

T → T (b) = T + 2π2y2e−g>(0)

∫
d2x(eg>(x) − 1)x2 (204)

g>(x) =
1

T

∫ Λ

Λ/b

dk

k

∫ 2π

0

dαeikx cos(α) =
2π

T
ln bJ0(Λx) (205)

Here we need treat this integral carefully.

g>(x) =

∫ Λ

0

d2qeiq·x

Tq2
−

∫ Λ/b

0

d2qeiq·x

Tq2

≈ 2π

T
(

∫ ∞

0

dq
qJ0(qx)

q2 + (Λ/b)2
−
∫ ∞

0

dq
qJ0(qx)

q2 + (Λ)2
)

=
2π

T
(K0(xΛ/b)−K0(xΛ)) = −2πxΛ ln b

T

dK0(z)

dz z=xΛ
(206)

T → T (b) = T − 2π2y2 ln b

∫
d2xx2

2πxΛ

T

dK0(z)

dz z=xΛ

= T +
1

2T
(
y(4π)2

Λ2
)2 ln b (207)

Define y = y(4π)2

Λ2 , the flow of couplings in the sine-Gordon theory becomes

dT

d ln b
= y2/2T +O(y4) ,

dy

dl
= (2− π/T )y +O(y3) ,

(208)

The critical point is TKT = π/2. As shown in Figure, in low temperature regime T < TKT ,

the fixed point line relates to y∗ = 0. y → 0 means vainishing probability to find vortices, or

no free vortices in the system. All vortices form vortex-anti-vortices pairs. When T > TKT ,

free vortices appear.
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FIG. 7: Renormalization group flow of the temperature and the fugacity in the sine-Gordon model.

The thick line separates the flows towards the line of fixed points at T < TKT and y = 0 that

represent the algebraically ordered superfluid phase from the flow towards a high-temperature

high-fugacity sink, representing the exponentially disordered phase. The XY line represents the

set of initial values at different temperatures in the XY model.
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ABC OF 2D CONFORMAL FIELD THEORY

Brief Introduction

We need to start from two ingredients. On one hand, quantum mechanism deals with

the microscopic behavior of single particle. Quantum field theory describes the quantum

physics of many-particles or interaction between particles. On the other hand, symmetry

plays an important role on the physics. Examples include Lorentz symmetry for relativity,

U(1) gauge symmetry for Maxwell theory. Now we study a very special symmetry on QFT.

This symmetry constrains the behavior of QFT, giving many direct answers without detailed

calculations. The procedure looks very different from the formal QFT.

A conformal field theory (CFT) is a field theory that is invariant under conformal trans-

formations. It means that the metric transforms with a scale factor, thereby preserving the

angle between two vectors

gµν(x) → g′µν(x) = Λ(x)gµν(x). (209)

The four main operations that have this property are translations, rotations, dilations and

the so-called special conformal transformations. All these operations form a group, dubbed

as conformal group. The CFT is a quantum field theory that is invariant under conformal

group.

In physics, conformally invariant quantum field theories (are believed to) describe the

critical behavior of systems at second order phase transitions. The canonical example is the

Ising model in 1+1 dimension, at the phase transition, typical configurations have fluctua-

tions on all length scales, so the field theory at its critical point should be expected to be

invariant under changes of scale. In two dimensions, the conformal algebra becomes infi-

nite dimensional, leading to significant restrictions on two dimensional conformally invariant

theories, and perhaps ultimately giving a classification of possible critical phenomena in two

dimensions. Rigidly speaking, the CFT in most of physical systems are emergent, since the

conformal symmetry is not exact or explicitly exists. Usually, we only have scaling invariance

at the critical point, and the other symmetries are argued to be “emergent”.

It is first of all natural to write the coordinates in a complex notation: z = x + iy and

z̄ = x− iy, because the conformal mappings in two dimensions are then (anti-)holomorphic

functions. The most important fields in a CFT are the primary fields, transforming under
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conformal transformations as

ϕ(z, z̄) =

(
∂w

∂z

)h (
∂w̄

∂z̄

)h̄

ϕ(w, w̄) (210)

where h, h̄ are the conformal weights of the primary field. Their sum, h + h̄ = ∆, is called

the scaling weight or dimension of the field. The transformation property above heavily

constraints the expectation value of two of these primary fields, it has to have the form

⟨ϕ(z1)ϕ(z2)⟩ =
c12

(z1 − z2)2h
, (211)

where c12 is a constant, h = h1 = h2 and only the chiral (z̄-independent) part is considered.

If the two fields in the correlator do not have the same conformal weight, the result will be

zero. The three-point correlator is also heavily restricted,

⟨ϕ(z1)ϕ(z2)ϕ(z3)⟩ =
c123

(z1 − z2)h123(z2 − z3)h231(z3 − z1)h312
, (212)

Here, the short hand notations h123 = h1 + h2 − h3 have been used. The form for higher

order correlators is not completely fixed by the transformation rules.

An important concept in CFT is the operator product expansion (OPE). When two fields

in a correlator are near each other, they will behave singular and can act as if the fields have

fused together in one or more other fields. This information is encoded in the OPE of these

two fields,

lim
z→w

ϕi(z)ϕj(w) =
∑
k

Cijkϕk(z)(z − w)−∆i−∆j+∆k (213)

where the sum is taken over all the primary fields in the theory. The constants Cijk are

called the structure constants. The two fields will thus fuse together to form one or more

other fields times a singular coefficient that depends on the conformal dimensions of all three

fields present in the fusion process. The fusion rules themselves can be written down more

simply in the form

ϕi × ϕj = Nijkϕk (214)

The fusion process is both associative and commutative, and results in an algebra of the

constants Nijk, called the Verlinde algebra. If the OPE of two fields contains multiple

nonzero structure constants, there will be multiple fusion channels and the fusion is called

nontrivial. These nontrivial fusion rules are important, because fields with nontrivial fusion

rules correspond to non-abelian particles. This property can make calculating the correlator
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of multiple fields hard, because there can be many different ways in which all the fields fuse

together. A necessary condition for a correlator to be nonzero is that there has to be at

least one fusion path resulting in the identity field, because only the expectation value of

the identity field is nonzero. If, for example, the fusion rule for some fields is η×η = ξ, then

⟨ξ⟩ = 0, because these two fields do not fuse to the identity. In general, the correlator is a

sum of all the different ways in which the fields can be fused together,

⟨ϕ(z1)...ϕ(zN)⟩ = F (z1, ..., zN). (215)

Here, the F are all the possible resulting (holomorphic) functions and they are called confor-

mal blocks. A consequence is that a correlator is not always just equal to one holomorphic

function, but can be seen as a vector in the space of the many possible resulting functions. It

can be shown that displacing the zi in the fields on the left hand side results in the conformal

blocks transforming into each other, this is the braiding of the conformal blocks.

A special OPE is that of a primary field with the energy-momentum tensor T, given by

T (z)ϕ(w) =
h

(z − w)2
ϕ(w) +

1

z − w
∂ϕ(w) + ... (216)

The dots at the right hand side of this formula represent all nonsingular terms, they are

usually omitted in the OPE, because they play no role in the calculation of correlators. This

relation is very useful, and is often used to determine the conformal dimension h of a field.

A most useful primary fields are the vertex operators, e.g. V (z) = eiαϕ(z) in fractional

quantum Hall theories (e.g. Laughlin state). Here, the ϕ(z) are chiral bosonic fields, meaning

that they have no z̄ dependence. The correlator of two of those ϕs is ⟨ϕ(z)ϕ(w)⟩ = − ln(z−

w). To be continue...

Global conformal symmetry

d-dimensional conformal transformation

We denote by gµν(x) the metric tensor in a space-time of dimension d: ds2 = gµνdx
µdxν .

By definition, a conformal transformation of the coordinates is an invertible mapping, which

leaves the metric tensor invariant up to a scale (compared with the general case g
′
µν(x

′) =

∂xα

∂x′µ
∂xβ

∂x′ν gαβ(x)):

gµν(x) → g′µν(x
′) = Λ(x)gµν(x). (217)
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A conformal transformation w = f(z) preserves local angles. Generally speaking, a confor-

mal transformation is a coordinate transformation that is a local rescaling of the metric,

which is a subgroup of the whole coordinate transformations. The set of conformal trans-

formations manifestly forms a group, and it obviously has the Poincare group as a subgroup

(in flat space), since the latter corresponds to the special case Λ(x) = 1.

To study the properties of a given group, we can start from the infinitesimal generators.

The infinitesimal generators of the conformal group can be determined by considering the

infinitesimal coordinate transformation xµ → xµ + ϵµ(x), under which

ds2 = gµνdx
µdxν = g′µνdx

′µdx′ν

→ gµνdx
µdxν = (gµν + δgµν)d(x

µ + ϵµ(x))d(xν + ϵν(x))

= gµνdx
µdxν = gµνdx

µdxν + gµν(dϵ
µdxν + dϵνdxµ) + δgµνdx

µdxν

→ δgµνdx
µdxν = −(

∂ϵµ
∂xν

+
∂ϵν
∂xµ

)dxµdxν

thus we have

gµν(x) → gµν(x)− (
∂ϵµ
∂xν

+
∂ϵν
∂xµ

) (218)

The requirement that the transformation be conformal implies that

(
∂ϵµ
∂xν

+
∂ϵν
∂xµ

) = f(x)gµν(x) (219)

where f(x) = 2
d
∂µϵ

µ = 2
d
(∂ · ϵ) is obtained by trace on two sides (gµν( ∂ϵµ

∂xν + ∂ϵν
∂xµ ) =

f(x)gµν(x)gµν(x) ⇒ 2∂µϵ
µ = df(x)).

Next, we apply derivative on ∂ρϵρ and have

∂ν∂µ(∂
ρϵρ) = ∂µ∂

ρ(∂νϵρ + ∂ρϵν − ∂ρϵν) =
2

d
∂ν∂µ(∂ · ϵ)− ∂ρ∂ρ∂µϵν (220)

and

(gµν∂
ρ∂ρ + (d− 2)∂µ∂ν)(∂ · ϵ) = 0 (221)

Taking the trace, we then get

(d− 1)∂µ∂µ(∂ · ϵ) = 0. (222)

These two equation imply that, 1) if d = 1, the above equations do not impose any constraint

on the function ∂ ·ϵ, and therefore any smooth transformation is conformal in one dimension.
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This is a trivial statement, since the notion of angle then does not exist. 2) d = 2 is special,

which is different from d > 2. 3) in d > 2, the condition ∂µ∂ν(∂ · ϵ) = 0 enforces that ∂ · ϵ is

a linear function like ∂ · ϵ = A+Bmxm. If we substitute this expression into Eq. 219, we see

that ϵ(x) is at most quadratic in the coordinates. We therefore write the general expression

ϵ(x)µ = aµ + bµνxν + cµνρxνxρ (223)

Thus, we have four kinds of transformations:

• translation: ϵµ = aµ , i.e. ordinary translations independent of x.

• rotaion: ϵµ = ωµνxν

• dilatation: ϵµ = λxµ

• special conformal transformation: ϵµ = bµx
2 − 2xµbνxν

Question: What is the meaning of special conformal transformation?

Conformal generators

Locally, the above conformal transformation can be expressed as the conformal gener-

ators: aµ∂µ, ω
µ
νx

ν∂µxµ, λx · ∂, bµ(x2∂µ − 2xµx · ∂), where the number of them are respec-

tively d, d(d − 1)/2, 1, d. Thus, the total number generators for conformal symmetry is

(d+ 1)(d+ 2)/2.

The generators satisfy the commutation relations:

Pµ = −i∂µ, Lµν = i(xµ∂ν − xν∂µ), D = −ixµ∂µ, Kµ = −i(2xµxν∂ν − x2∂µ) (224)

[D,Pµ] = iPµ, [D,Kµ] = −iKµ, [Pρ, Lµν ] = i(ηµνPν − ηρνPµ), ... (225)

Up to now, we consider the conformal transformation on the coordinates only. Here we

consider how a quantum field changes under a given conformal transformation Ta: ϕ(x) →

ϕ′(x′) = (1− iϵaTa)ϕ(x).

Some care should be taken when there is some special requirements on the quantum

fields. For example, consider Lotentz group Lµνϕ(0) = Sµνϕ(0). From Hausdorff formula

(e−ABeA = B + [B,A] + 1
2!
[[B,A], A] + ...) :

eix
λPλLµνe

−ixλPλ = Lµν − xµPν + xνPµ (226)
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Thus we have

Pµϕ(x) = −i∂µϕ(x) (227)

Lµνϕ(x) = i(xµ∂ν − xν∂µ)ϕ(x) + Sµνϕ(x) (228)

Examples of conformal invariance

1) The simplest example of classical conformal symmetry is Maxwell’s equations in the

absence of sources

∂µFµν = 0 (229)

or,

▽2E⃗ =
1

c2
∂2E⃗

∂t2

▽2B⃗ =
1

c2
∂2B⃗

∂t2

2) Massless scale field. Like the electromagnetic field equations above, the equation of

motion for this theory is also a wave equation,

▽2φ− ∂2φ

∂t2
= 0 (230)

and is invariant under the transformation x → λx,t → λt. The name massless refers to the

absence of a term ∝ m2φ in the field equation. Such a term is often referred to as a ‘mass’

term, and would break the invariance under the above transformation.

3) The above field equations in the examples are all linear in the fields. One non-linear

equation example is ϕ− 4 theory:

▽2ϕ− ∂2ϕ

∂t2
+ gϕ3 = 0 (231)

and is invariant under the transformation x → λx,t → λt, ϕ → λ−1ϕ. The key point is

that the parameter g must be dimensionless, otherwise one introduces a fixed length scale

into the theory: For this theory, this is only the case in D = 4. Note that under these

transformations the argument of the function ϕ is unchanged.
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Primary Fields

Under a local conformal map z → w(z), z̄ → w(z̄), a primary field is defined by the

transformation

ϕ′(w, w̄) =

(
∂w

∂z

)−h(
∂w̄

∂z̄

)−h̄

ϕ(z, z̄) (232)

The above shows that a primary field of conformal dimensions (h, h̄) transforms like the

component of a covariant tensor of rank h+ h̄ having h “z” indices and h̄ “z̄” indices.

Please note that, this is equivalent to require the ”line element“ unchanged:

ϕ(z, z̄)dzhdz̄h = ϕ(w, w̄)dwhdw̄h = ϕ(w, w̄)dzhdz̄h(
∂w

∂z
)h(

∂w̄

∂z̄
)h̄ (233)

If Eq. 232 holds only for global conformal transformations w(z) ∈ SL(2, C)/Z2, we call

this field as a quasi-primary field. Note that a primary field is always quasi-primary but

the reverse is not true. Furthermore, not all fields in a CFT are primary or quasi-primary.

Those fields are called secondary fields. (As we shall see, an example of a quasi- primary

field that is not primary is the energy-momentum tensor. )

If the map z → w = z + ϵ(z) is close to the identity, the variation of the field is

(
∂w

∂z
)h = 1 + h∂zϵ(z) +O(ϵ2)

ϕ(z + ϵ(z), z̄) = ϕ(z, z̄) + ϵ(z)∂zϕ(z, z̄) (234)

and

δϵ,ϵ̄ϕ(z, z̄) = ϕ′(z, z̄)− ϕ(z, z̄)

= ϕ′(w − ϵ(z), w̄ − ϵ(z̄))− ϕ(z, z̄) = ϕ′(w, w̄)− ϵ(z)∂zϕ
′(w)− ϵ(z̄)∂z̄ϕ

′(w̄)− ϕ(z, z̄)

=

(
∂w

∂z

)−h(
∂w̄

∂z̄

)−h̄

ϕ(z, z̄)− ϵ(z)∂zϕ
′(w)− ϵ(z̄)∂z̄ϕ

′(w̄)− ϕ(z, z̄)

≈ −[(h∂zϵ+ ϵ∂z) + (h̄∂z̄ϵ(z̄)) + ϵ(z̄)∂z̄]ϕ(z, z̄) (235)

Constraints on correlation functions

The objects of interest in quantum field theories are n-point correlation functions which

are usually computed in a perturbative approach via either canonical quantisation or the

path integral method. In this section, we will see that the exact two- and three-point func-

tions for certain fields in a conformal field theory are already determined by the symmetries.

This will allow us to derive a general formula for the OPE among quasi-primary fields.
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Now the 2-point function G(z1, z2) = ⟨ϕ1(z1)ϕ2(z2)⟩ is supposed to satisfy infinitesimal

conformal transformation, giving

0 = δϵG(z1, z2) = ⟨δϵϕ1(z1)ϕ2(z2)⟩+ ⟨ϕ1(z1)δϵϕ2(z2)⟩ (236)

= {[(h∂zϵ+ ϵ∂z) + (h̄∂z̄ϵ(z̄)) + ϵ(z̄)∂z̄]|z=z1 (237)

+ [(h∂zϵ+ ϵ∂z) + (h̄∂z̄ϵ(z̄)) + ϵ(z̄)∂z̄]|z=z2}G(z1, z2) (238)

We can write our infinitesmal conformal transformations as ϵ(z) = c−1 + c0z + c1z
2. 1)

If we use ϵ(z) = 1 (translation symmetry), the condition of (∂z1 + ∂z2)⟨ϕ1(z1)ϕ2(z2)⟩ = 0

gives green function depends only on z12 = z1 − z2: ⟨ϕ1(z1)ϕ2(z2)⟩ ∼ f(z1 − z2). 2) ϵ(z) = z

requires, (h1+h2+z1∂z1 +z2∂z2)⟨ϕ1(z1)ϕ2(z2)⟩ = 0,→ (h1+h2)f(z12)+(z1−z2)f ′(z12) = 0,

so the green function has the form of f(z12) ∼ C12z
−h1−h2
12 z̄−h̄1−h̄2

12 . 3) ϵ(z) = z2 requires

(2h1z1+2h2z2+z
2
1∂z1+z

2
2∂z2)⟨ϕ1(z1)ϕ2(z2)⟩ = 0,→ C12(h1−h2)

(z1−z2)h1+h2+1 = 0 to require h1 = h2 = h,

h̄1 = h̄2 = h. Therefore, that the 2-point function is constrained to take the form

G(z1, z2) =
C12

z2h12 z̄
2h̄
12

=
C12

|z12|∆
(239)

where ∆ = 2h.

Under the same method, we can also obtain the general form of three-point green’s

function and four-point green’s function.

Conformal transformation in two dimension

CFT in 2D has very different properties. 2D CFT is Virasoro algebra, which is the central

extension of Witt algebra.

1. Holomorphic function

In two dimension, Eq. 219 reduces to

∂1ϵ1 = ∂2ϵ2, ∂1ϵ2 = −∂2ϵ1 (240)

This is famous Cauchy-Riemann condition, which is sufficient conditions for holomorphic

functions. ( A complex function satisfying the Cauchy-Riemann equations is a holomorphic

function in some open set.) Two dimensional conformal transformations thus coincide with

the analytic coordinate transformations z− > f(z) = z + ϵ(z) and z̄− > f(z̄) = z̄ + ϵ(z̄).
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That is, in 2D (on complex plane), all analytic or holomorphic transformations coincide

with the conformal transformations. note that, there are infinite number of such kinds

of holomorphic transformations in 2D, which is important for 2D (compared to d > 2

dimension).

2. Witt algebra

To calculate the commutation relations of the generators of the conformal algebra, i.e.

infinitesimal transformations of the form f(z), we take for basis

z → z′ = z + ϵ(z), z̄ → z̄′ = z̄ + ϵ(z̄) (241)

where take a Laurent expansion

ϵ(z) =
∞∑

n=−∞

cnz
n+1, ϵ(z̄) =

∞∑
n=−∞

cnz̄
n+1 (242)

and the cn are assumed to be infinitesmal.

To get the infiniteesimal generators for 2D CFT, let us compute the action on functions

ecnℓn+c̄nℓ̄nψ(z, z̄) = ψ(z − ϵ(z), z̄ − ϵ̄(z̄)) (243)

which is equivalent to

(1 + cnℓn + c̄nℓ̄n)ψ(z, z̄) = (1− ϵ(z)∂z − ϵ̄(z̄)∂z̄)ψ(z, z̄) (244)

So the generators of the conformal algebra, or the corresponding infinitesimal generators are

ℓn = −zn+1∂z and ℓ̄n = −z̄n+1∂z̄. They satisfy the algebras

[ℓm, ℓn] = zm+1∂z(z
n+1∂z)− zn+1∂z(z

m+1∂z) = (n+ 1)zm+n+1∂z − (m+ 1)zm+n+1∂z = (m− n)ℓm+n,

(245)

[ℓ̄m, ℓ̄n] = (m− n)ℓ̄m+n, (246)

[ℓn, ℓ̄m] = 0 (247)

The first and second equations are copies of the Witt algebra. In the quantum case, the

above algebras will be corrected to include an extra term proportional to a central charge.

Since two independent algebras naturally arise, it is frequently useful to regard z and z̄ as

independent coordinates.
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Remark. 1) Treating z and z̄ as independent variables yields two copies of the Witt

Algebra A⊕ Ā. 2) Imposing the ‘physical condition’ leaves us with the subalgebra of A⊕ Ā

generated by ℓn + ℓ̄n and i(ℓn − ℓ̄n) for all n. 3) For a Quantum Theory, we need a central

extension of the Witt Algebra, which is the so-called Virasoro Algebra.

3. Global conformal transformations

The above algebra is defined locally, which may be ill-defined on some singular points.

Holomorphic conformal transformations are generated by vector fields

v(z) =
∑
n

anℓn =
∑
n

anz
n+1∂z (248)

Non-singularity of v(z) as z → 0 allows n ≥ −1. Similarly, non-singularity at z → ∞

requires n ≤ 1. Thus, we see that only the conformal transformations generated by a ℓn for

n = 0,±1 are globally defined.

In two dimensions the global conformal group is defined to be the group of conformal

transformations that are well-defined and invertible on the Riemann sphere C ∪ ∞. How

does this finite subalgebra correspond to the momentum, rotation, etc. generators?

It is clear that ℓ−1 = ∂z = 1
2
(∂0 − i∂1) and ℓ̄−1 = 1

2
(∂0 + i∂1) generate translations on

the complex plane. Similarly, ℓ1 and ℓ̄1 generate special conformal translations (to see it,

make the transformation of w− > z−1, then l1 is the translational symmetry on w). To

understand ℓ0, we can consider complex polar coordinates z = r expiθ. In terms of these

variables, ℓ0 = r∂r − i∂θ, ℓ̄0 = r∂r + i∂θ. Then the useful linear combinations are easily seen

to be ℓ0 + ℓ̄0 = r∂r, i(ℓ0 − ℓ0) = ∂θ. Therefore, for definition, we identify ℓ−1 and ℓ̄−1 is the

translational operator, i(ℓ0 − ℓ̄0) as rotation operator and ℓ0 + ℓ̄0 as dilation operator.

• translation: a = 1, b, c = 0, d = 1, l−1 + l̄−1, i(l−1 − l̄−1)

• rotation: a = eiθ/2, b = 0, c = e−iθ/2, d = 0, i(l0 − l̄0)

• dialtation: a = λ, b = 0, c = λ−1, d = 0, l0 + l̄0

• special conformal transformation: a = 1, b = 0, c, d = 1, l1 + l̄1, i(l1 − l̄1)

Together, these operators generate transformations of the form z → az+b
cz+d

, ad − bc = 1

(∈ SL(2, C)/Z2 = SO(3, 1) on Riemann sphere C ∪ ∞), which is precisely the conformal
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group (or Mobius group) PSL(2, C) (The quotient by Z2 is due to the fact that z → az+b
cz+d

is unaffected by taking all of a, b, c, d to minus themselves; For this transformation to be

invertible, it requires |ad− bc| ≠ 0, then it to get ad− bc = 1).

The distinction encountered here between global and local conformal groups is unique to

two dimensions (in higher dimensions there exists only a global conformal group).

4. Virasoro algebra from central extension

Here we discuss the central extension of Witt algebra. By introducing the central exten-

sion of Witt algebra (or said in group level, a central extension of the group PSL(2, C)).

Why we need to consider such a group extension? Remaind that the transformation we

considered is projective, in physics, this means that the state |ψ⟩ is indistinguishable from

any nonzero scalar multiple c|ψ⟩. In general, the projective representation cannot be lifted

to a true representation (ordinary linear representation), but the central extension allows

you to write a true representation of a different group (in the case of the original group is a

Lie group, in our case, the group is SL(2, C)) which is a Lie group). In our case, the Witt

algebra becomes the Virasoro algebra (We leave the derivation of this relation for future)

[Ln, Lm] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0. (249)

where Ln(n ∈ Z) denotes the elements of the central extension of the Witt algebra, and c is

central charge. This is the most important results for 2D CFT. Crucially, the study of 2D

CFT is actually equivalent to analysis of representation of this infinite Virasoro algebra.

5. Radial quantization

To probe more carefully the consequences of conformal invariance in a two dimensional

quantum field theory, we enter into some of the details of the quantization procedure (we

will focus our studies on conformal field theories defined on Euclidean two-dimensional

flat space.). We begin with flat Euclidean “space” and “time” coordinates σ1 and σ0 (In

Minkowski space, one needs to make a Wick rotation σ0 = it). The coordinate σ1 = σ1+2π,

is the periodic boundary condition for 1d spatial dimension (Or, it is to eliminate any

infrared divergences, we compactify the space coordinate). Thus, we define the complex

number ζ = σ0 + iσ1.
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FIG. 8: Map from cylinder to plane.

The conformal map

z = exp(σ0 + iσ1) (250)

maps the cylinder to the complex plane. Equal time surfaces, σ0 = const, become circles

of constant radius on the z-plane, and time reversal, σ0 → −σ0 , becomes z → 1/z∗. Then

the time translation σ0− > σ0 + T becomes dilatation on the complex plane z− > eT z. So

the dilatation generator on the conformal plane can be regarded as the Hamiltonian for the

system, and the Hilbert space is built up on surfaces of constant radius. This procedure

for defining a quantum theory on the plane is known as radial quantization (Hilbert state

space defined on circles about the origin, and propagation of states in the radial direction

dilation operator is the Hamiltonian; rotation operator is a spatial translation). Thus the

hamiltonian on the complex plane is

H = (ℓ0 + ℓ̄0). (251)

The radial quantization, in particular, is to quantize this Hamiltonian or said to quantize

the generators on the complex plane. And the quantized hamiltonian becomes

H = (L0 + L̄0). (252)
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Application: Transverse Ising chain

Let us recall the Virasoro algebra, the operator Ln(L̄n) satisfy (see Eq. ??):

Ln =
1

2πi

∫
zn+1T (z)dz (253)

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n)δ(nm, 0) (254)

where T (z) is energy-momentum tensor, c is central charge.

Now we consider a one-dimension quantum spin chain, with periodic boundary condition.

This is related to the infinite-long stripe with a finite-size width N in two-dimension, which

can be obtained by the conformal transformation from

w = x+ iy =
N

2π
ln z (255)

which maps the whole z-plane into the strip |Imw| < 2π with periodic condition.

The transformation of energy-momentum tensor is (Eq. ??):

T ′(w) = (∂zw)
−2[T (z)− c

12
S(w, z)] = (

2π

N
)2[z2T (z)− c

24
] (256)

Please note that, the traceless condition is violated after the transformation. This is the

chiral anomaly. It goes to zero, only when N → ∞.

Hence the conformal invariant Hamiltonian is

H =
1

2π

∫ N

0

dy[T ′(w) + T̄ ′(w̄)] =
2π

N
(L0 + L̄0)−

πc

6N
+K (257)

where K is a constant. Please note that this Hamiltonian is like Eq. 252.

Then we use the state |∆⟩, L0|∆ + n⟩ = (∆ + n)|∆ + n⟩, L̄0|∆̄ + n⟩ = (∆̄ + n)|∆̄ + n⟩.

We got the eigenvalues as

E =
2π

N
(∆ + ∆̄ + n+ n̄)− πc

6N
+K, (258)

E0 = − πc

6N
+K (259)
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K�1

K�1
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 = K1/K

ordinary extra-ordinary

surface

special
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BO/SO
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FIG. 9: Phase diagram of the classical O(N) model with a boundary in dimension d > 3. BO

stands for bulk ordered, SO - surface ordered, BD - bulk disordered, SD - surface disordered. For

d = 3 and N = 1 the phase diagram is the same. For d = 3 and N = 2 the phase diagram has the

same topology, but the BD/SO region only has quasi-long-range surface order.

SURFACE CRITICALITY

The classical O(N) model in dimension d ≥ 3 at its bulk critical point admits three

boundary universality classes: the ordinary, the extra-ordinary and the special. For the or-

dinary transition the bulk and the boundary order simultaneously; the extra-ordinary fixed

point corresponds to the bulk transition occurring in the presence of an ordered bound-

ary, while the special fixed point corresponds to a boundary phase transition between the

ordinary and the extra-ordinary classes.

Consider the classical lattice model in d-dimensions

βH = −
∑
⟨ij⟩

KijS⃗i · S⃗j . (260)

and let the boundary be at xd = 0. We will be mostly interested in the case d = 3, but

will keep 2 < d < 4 general for now. We wish to study this model at its bulk critical

point K = Kc and in the κ ≫ 1 region, when the surface has a strong tendency to local

order. First, imagine turning off the couplings connecting the outermost surface layer to

the next layer. The system without the outermost surface layer is then expected to realize

the ordinary boundary universality class. We call the corresponding continuum fixed-point
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bulk+boundary action of the d-dimensional O(N) model, Sordinary. We denote the bulk

order parameter of the O(N) model by ϕ⃗(x, xd). The initially decoupled outermost surface

layer can be described by the d−1 dimensional continuum O(N) non-linear σ-model for the

field n⃗,

Sn =

∫
dd−1x

(
1

2g
(∂µn⃗)

2 − h⃗ · n⃗
)
, n⃗2 = 1 . (261)

Here, h⃗ is a small symmetry breaking field that will be used as an infra-red regulator. When

κ≫ 1, we expect g to be small.

Now, let’s restore the coupling of the outermost surface layer to the next layer: in the

continuum description, we expect a coupling

Snϕ = −s̃
∫
dd−1x n⃗(x) · ϕ⃗(x, xd = 0) . (262)

to be generated. Here ϕ⃗(x, xd = 0) should be understood as the lowest dimension O(N)

vector boundary operator of the O(N) model at its ordinary boundary fixed point. Thus,

we study the action

SUV = Sordinary + Sn + Snϕ. (263)

We want to understand what are the effects of the coupling s̃. To do so, we will work around

the fixed point g = 0. When g is strictly zero, the fluctuations of n⃗ are frozen. Let’s choose

n⃗ to point along the N -th direction. The coupling Snϕ then acts as a boundary symmetry

breaking field for the bulk O(N) model. Such a field is relevant at the ordinary boundary

fixed point and makes the boundary flow to the so-called “normal” fixed point.

While the action (263) provides a conceptually clear O(N) symmetric regularization of

the model we wish to consider, it is inconvenient to work with. Indeed, even at g = 0 we

don’t know the details of the flow from the ordinary to the normal boundary fixed point of

the O(N) model. Thus, we’d like to start with the end-point of this flow. We consider

SIR = Snormal + Sn − s

∫
dd−1x πi(x)ϕ̂i(x) + δS, (264)

where n⃗ = (π⃗, σ =
√
1− π⃗2) and Snormal is the conformal fixed point of the O(N) model with

a normal boundary (and the symmetry-breaking field pointing along the Nth direction). ϕ̂i

is the boundary O(N − 1) vector at the normal fixed point.
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FIG. 10: The Feymann diagram of surface correction contributing to the Green’s function.

Renormalization Group analysis

We now perform RG on the model (264). Since the coupling s has been fixed by symmetry,

only the coupling g is allowed to run. As in the standard O(N) model near 2d we let

dK

dℓ
= (d− 2)K − (n− 2)SdΛd−2 ↔ dT

dℓ
= − dK

K2dℓ
= −(d− 2)T + (n− 2)SdΛd−2T 2

(265)

which is from

−βH = −
K(1 + Id(b)

K
)bd−2ζ2

2

∫
ddx′(∇π′(x′))2

− Kbd−2ζ4

2

∫
ddx′(π′(x′)∇π′(x′))2 +

ρζ2

2

∫
ddx′(π(x′))2 (266)

and

K ′ = bd−2ζ2K(1 +
Id(b)

K
) = bd−2[1− (n− 1)

2

Id(b)

K
]2K(1 +

Id(b)

K
) ≈ bd−2K[1− n− 2

K
Id(b)]

⇒ K + dK = (1 + dℓ)d−2K[1− n− 2

K
SdΛ

d−2dℓ] (267)

Next we calculate the correction due to coupling to ϕ̂i(x).

We will denote the full π propagator by D = ⟨πi(p)πi(−p)⟩. Going to momentum space

the first order Green’s function (see Fig. ):

δsD(p) = s2D2
0(p)

∫
dd−1z⟨ϕ̂i(z)ϕ̂i(z)⟩0e−ip⃗·z⃗ = s2D2

0(p)

∫
dd−1z

1

|z|2(d−1)
e−ip⃗·z⃗. (268)

where we used the scaling dimension of ϕ̂i is d − 1 (Noether current operator due to the

continuous symmetry). Alternatively, letting the self-energy Σπ(p) be defined as D(p)−1 =

D0(p)
−1 + Σπ(p),

Σπ(p) ∼ s2
∫
dd−1z

1

|z|2(d−1)
e−ip⃗·z⃗. (269)

We notice that δsΣπ(p = 0, h = 0) ̸= 0. This would lead to the breaking of O(N) ro-

tational symmetry. Thus, to restore the O(N) symmetry, we add a counterterm δS =
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C
∫
dd−1x π⃗2(x), with C = −δsΣπ(p = 0). Following this,

Σπ(p) → s2
∫
dd−1z

1

|z|2(d−1)

(
1− e−ip⃗·z⃗) . (270)

Setting d = 3 and performing the integral we obtain to logarithmic accuracy,

Σπ(p) =
πs2

2
p2 ln

L

a
=
πs2

2
p2 ln b =

πs2

2
p2 ln

Λ

Λ/b
. (271)

Therefore the full Green’s function becomes

D(p) =
1

D0(p)−1 + Σπ(p)
=

1

Kp2 + πs2

2
p2 ln b

(272)

∫
d2z

e−ip⃗·z⃗

|z|4

=

∫
zdzdθ

e−ipz sin θ

z4
= 2π

∫
dz
J0(pz)

z3
=

∫
d(pz)p−1J0(pz)p

3

(pz)3
= 2πp2

∫
dt
J0(t)

t3∫
d2z

1− e−ip⃗·z⃗

|z|4
=

= 2πp2
∫
dt
1− J0(t)

t3
t≪1→ 2πp2

∫
dt

t2

4

t3
=
πp2

2

∫ Lp

pa

dt
1

t
=
πp2

2
ln
L

a

(273)

So we get modified coupling strength as

K ′ = bd−2ζ2K(1 +
Id(b)

K
)(1 +

πs2

2K
ln b)

= bd−2[1− (n− 1)

2

Id(b)

K
]2K(1 +

Id(b)

K
)(1 +

πs2

2K
ln b)

≈ bd−2K[1− n− 2

K
Id(b)](1 +

πs2

2K
ln(1 + dℓ))

≈ bd−2K[1− n− 2

K
Id(b)](1 +

πs2

2K
dℓ)

⇒ K + dK = (1 + dℓ)d−2K[1− n− 2

K
SdΛ

d−2dℓ](1 +
πs2

2K
dℓ)

dK

dℓ
= (d− 2)K − (n− 2)SdΛd−2 +

πs2

2
(274)

Converting to the temperature

dT

dℓ
= − dK

K2dℓ
= −(d− 2)T + (n− 2)SdΛd−2T 2 − πs2

2
T 2

= −(d− 2)T − (
πs2

2
− (n− 2)SdΛd−2)T 2 (275)
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Phase diagram

What are the consequences of the RG analysis in Eq 275? Letting ℓ be the RG scale, we

observe that the physics depends on the sign of α = (πs
2

2
− (n− 2)SdΛd−2). For d = 2, the

RG equation reduces to

∂T

∂ℓ
= −αT 2. (276)

When α > 0 the T = 0 fixed point is stable, while when α < 0 it is unstable. Crucially, we

known that when N = 2,

α(N = 2) =
πs2

2
> 0, (277)

while for large (but finite N), from Eq. (302)

α(N) ≈ −(n− 2) < 0, N → ∞. (278)

Thus, there must be a critical Nc at which α switches sign. Naive extrapolation of the

large-N result (278) gives Nc ≈ 4 (by accounting the large-N result of s2(N → N
2π2 )). Thus,

for 2 ≤ N < Nc, the extra-ordinary fixed point survives in d = 3, but in a modified form

with no true long range order and order parameter correlations that decay only as a power

of logarithm. We refer to such behavior as the extra-ordinary-log universality class. In

particular, this occurs for the case N = 2 where we are confident that α > 0.

Also, from Eq. 276, we get the running of temperature as

T (ℓ) =
T0

1 + αT0ℓ
(279)

Correlation

Let us try to calculate correlator in real space.

D(p) =
1

D0(p)−1 + Σπ(p)
=

1

Kp2 + πs2

2
p2 ln Λ

p

=
1

Kp2(1 + πs2

2K
ln Λ

p
)

=
1

Kp2(1 + α
K
(1 + n−2

α
) ln Λ

p
)
≈ 1

Kp2(1 + α
K
ln Λ

p
)(1+

n−2
α

)

→ D(x) =

∫
d2pe−ip⃗·x⃗D(p)

!
=

1

(lnx)1+
n−2
α

(280)

This integral is too difficult to deal with. Next we will a different way to get it.
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The Green’s function is defined as two-point correlator:

G(x;T ) = ⟨n(x)n(0)⟩ (281)

which depends on the temperature (thinking about that it is close to but deviated away

from the critical point). Next we take one step of RG transformation, we will get

G′(x′;T ′) = ⟨n′(x′)n′(0)⟩ = ζ−2⟨n(x)n(0)⟩ = ζ−2G(x;T ) (282)

⇒ G′(x′;T ′) = ZG(x;T ) (283)

where Z = ζ−2 is renormalization factor. From ζ = 1− n−1
2

Id(b)
K

≈ 1− n−1
2K
SdΛd−2ℓ ≡ b−∆n ,

we get the scaling dimension of operator n as

∆n ≈ n− 1

2K
SdΛd−2 (284)

Then we assume that, at the fixed point, the two-point correlator should be a RG invari-

ant:

ℓ
dG

dℓ
= 0 ⇒ ℓ

∂G

∂ℓ
+ ℓ

∂G

∂T

∂T

∂ℓ
+ ℓ

∂G

∂Z

∂Z

∂ℓ
= 0 (285)

ℓ
∂G

∂ℓ
+ ℓ

∂G

∂T

∂T

∂ℓ
+ ℓ

∂ lnZ

∂ℓ
G = 0 (286)

The second term, ∂T
∂ℓ
, is just the beta function, which should vanish at the fixed point.

So the second term is zero. Then we get,

∂G

∂ℓ
+
∂ lnZ

∂ℓ
G = 0 → ∂G

∂ℓ
+ 2∆nG = 0 (287)

Next we recall the RG equation, ∂ℓ = − ∂T
αT 2 (see Eq. 276), and we will use it to get a

new differential equation for G:

∂G

G
= −2∆n × (− ∂T

αT 2
) =

n− 1

α

∂T

T
= q

∂T

T
(288)

Here we set q = n−1
α
. By integral on both sides, we have

lnG ∼ q lnT ⇒ G ∼ T q (289)

Next plugging in the running of temperature T (ℓ) ∼ T0

1+αT0ℓ
:

G ∼ (
T0

1 + αT0ℓ
)q ∼ 1

ℓq
∼ 1

(ln(x/x0))q
(290)

Here we get the correlator at the extraordinary fixed point.
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Fix the value of s

We now use the O(N) symmetry to fix the value of s. If the symmetry breaking field

points along the N -th direction, letting ϕN = σ, we have the operator product expansion

(OPE):

σ(x, xd) ∼
aσ

(2xd)∆ϕ
+ µσ(2xd)

d−∆ϕσ̂(x) + . . . , xd → 0 . (291)

Here, aσ and µσ are universal constants.

The boundary scaling dimension of the lowest O(N − 1) vector on the boundary ϕ̂i,

i = 1 . . . N − 1 is also known exactly: ∆p̂hii = d− 1. We write:

ϕi(x, xd) ∼ µϕ (2xd)
d−1−∆ϕ p̂hii(x) + . . . , xd → 0, (292)

where µϕ is a universal constant.

We continue to work at g = 0, where n⃗ is a classical frozen constant field. When this

field points along the N -th direction, n⃗ = (⃗0, 1) we know that

⟨σ(xd)⟩ =
aσ

(2xd)∆ϕ
, ⟨ϕi⟩ = 0 . (293)

If we rotate n⃗ by an infinitesimal angle α towards the direction 1̂, n1 = sinα, nd = cosα, we

should get

⟨ϕ1(xd)⟩ =
aσ sinα

(2xd)∆ϕ
. (294)

But, from (264), to first order in α,

⟨ϕ1(xd)⟩ = sα

∫
dd−1x ⟨ϕ1(x, xd)ϕ̂1(x)⟩norm, (295)

where the subscript norm denotes the expectation value taken with respect to the action

Snormal. The correlation function on the RHS is fixed by conformal symmetry.[Cardy, 1986]

Indeed, we have

⟨ϕi(x, xd)ϕj(x
′, x′d)⟩norm =

δij
(4xdx′d)

∆ϕ
g(ξ), ξ =

|x− x′|2 + (xd − x′d)
2

4xdx′d
, (296)

with g(ξ) - a universal function. Our choice of normalization of ϕi in the absence of the

boundary implies g(ξ) → ξ−∆ϕ , ξ → 0. Furthermore, on both operators in the correlator

(296) requires

g(ξ) →
µ2
ϕ

ξd−1
, ξ → ∞ . (297)
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Now, on just one of the operators in (296) we obtain,

⟨ϕi(x, xd)ϕ̂j(x
′)⟩norm = µϕδij

(2xd)
d−1−∆ϕ

(|x− x′|2 + x2d)
d−1

. (298)

Substituting this into (295) and taking the integral over x,

s =
Γ(d− 1)

(4π)
d−1
2 Γ(d−1

2
)

aσ
µϕ

d=3
=

1

4π

aσ
µϕ

. (299)

Thus, the coupling s is fixed by the O(N) symmetry in terms of the universal constants aσ

and µϕ. Crucially, s is dimensionless. We also note that s is not small. Thus, we will not

be performing perturbation theory in s, but rather in g.

We note that so far we’ve only restored the O(N) symmetry to leading order in fluctua-

tions of n⃗ (in particular, the above analysis was carried out to linear order in α only). We

may need to add extra terms to the Lagrangian to restore the symmetry at higher orders.

One example of such a term is δL ∼ π⃗2πip̂hii. However, these higher order terms will not

affect our analysis below.

The value of s plays an important role in what follows, so we pause to discuss various

results for aσ and µϕ. Explicit expressions can be obtained for aσ and µϕ in the limitN → ∞.

We have computed the first corrections to these quantities in 1/N for d = 3.

a2σ = 2(N + 1)
(
1− η

2

)
+O

(
1

N

)
≈ 2(N + 0.865) +O

(
1

N

)
, (300)

µ2
ϕ =

1

4

(
1 +

1

N

)(
1− η

2

)
+O

(
1

N2

)
≈ 1

4

(
1 +

0.865

N

)
+O

(
1

N2

)
, (301)

s2 =
N

2π2
+O

(
1

N

)
. (302)

Here η ≈ 8
3π2N

is the bulk anomalous dimesnion of ϕ: ∆ϕ = (d− 2 + η)/2.

One can also obtain expressions for a2σ and µ2
ϕ in the 4− ϵ expansion:

a2σ =
4(N + 8)

ϵ

(
1− N2 + 31N + 154

(N + 8)2
ϵ

)
, (303)

µ2
ϕ =

1

3

(
1− N + 9

6(N + 8)
ϵ

)
. (304)

Unfortunately, the utility of Eqs. (303),(304), in d = 3 is not clear. In fact, substituting

ϵ = 1 into (303) gives a negative a2σ for all N . On the other hand, substituting ϵ = 1 into

(304) gives µ2
ϕ within 15% of the large-N estimate (302) for N ≥ 3.
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