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Historically speaking, the Fermi liquid theory was developed by Landau to explain the
properties of liquid 3He [ LD Landau, “On the theory of the Fermi liquid”, Sov. Phys.
JETP 8.1 (1959), p. 70.], but soon it was expanded to a theory explaining the behaviour of
normal metals with a weak electron-electron interaction. The theory is a natural expansion
of a non-interacting system of fermions, usually called a Fermi-gas, to a system in which we
gradually introduce an interaction, namely, a Fermi liquid.

Landau think about this problem like this: one can slowly introduce the interaction
between the fermions, and following the adiabatic theorem, the ground state of the Fermi
gas would transform into the ground state of the interacting system. In this process, the spin,
charge and momentum of the fermions, remain unchanged, while their dynamical properties,
such as their mass, magnetic moment etc. are renormalized to a new set of values. This
was the basic idea of Landau behind the theory of Fermi liquids. Landau introduced a
quasiparticle excitations in the new interacting theory, corresponding to the Fermi particles
of the Fermi gas. This idea makes the liquid theory qualitatively similar to the Fermi gas
theory, which was something that was observed experimentally for the liquid state of 3He.
This theory, even though it was initially aimed to explain the similarities and differences
seen between the liquid phase of *He and the non-interacting gas, it was soon after realized
that it could be a good model for conduction electrons inside a normal metal, since they
can also be seen as weakly interacting fermions. This theory is usually preferred over some
of the basic and famous single-electron theories such as Hartree-Fock approximation, since

it is not trying to explain the interaction using Slater determinants.

ADIABATIC CONTINUITY AND QUASIPARTICLES

The physical picture is the following. In the non-interacting system, the spectrum consists
of particles and holes with a certain dispersion (the free one-particle spectrum) €y(p). These
excitations are infinitely long-lived since they cannot decay in the absence of matrix elements
(interactions). The ground state is characterized by a distribution function ny(p).

Landau reasoned that what interactions do is to produce (virtual) particle-hole pairs.
Thus, the distribution function must change: ng(p) — n(p). He further assumed that
this change is a smooth function (i.e. analytic) of the interaction. In other words, as

the interactions are slowly turned on, the non-interacting states are assumed to smoothly
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FIG. 1: Discontinuity in the occupation number at the Fermi surface in a non-interacting (dashed)

and in an interacting system (solid).

and continuously evolve into interacting states, and that this evolution takes place without
hitting any singular behavior. Such a singularity would signal an instability of the ground
state and should be viewed as a phase transition. Thus, if there are no phase transitions,
there should be a smooth connection between noninteracting and interacting states. In
particular the quantum numbers used to label the non-interacting states should also be
good quantum numbers in the presence of interactions. The one-electron (particle) state
becomes a quasiparticle which carries the same momentum £ and spin (+1/2) of the bare
electron.

The state of the interacting systems can be parameterized by the actual distribution
function n(p). Let dn(p) = n(p) — no(p). For the system to be stable dn(p) must be
non-zero only for |p| ~ pr and the ground state energy is determined by dn(p). If no(p) —

n(p) = no(p) + on(p) with én/n < 1(for all p close to the fermi surface), the total energy
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FIG. 2: Fermi surface in a) non-interacting system and b) in an interacting system. Only the

states in the narrow region A < pp contribute in the presence of interactions.

is £ = Fy+ 0F and we can expand the excitation energy 0 F in powers of the change of the
distribution function én(p) as

0E =Y e(p)on(p) + ... (1)

P
The excitation energy 0 F should also tell us how much energy does it cost to add an
excitation of momentum p close to the Fermi surface. Thus, the quasiparticle energy
should be

OB
~ on(p)

The difference between the energy of the ground state with N+1 particles and N particles

€(p) (2)

is the chemical potential pu:
j=B(N +1) - B(N), (3)
1= €(D)|p=pp (4)

The higher order corrections to 0E in powers of dn(p) gives the interactions among

quasiparticles. This is the Landau expansion:
E =Y e(p)on(p)+ > f(p.0)on(p)on(p) + O((6n(p))?) (5)
P p.p’

where we have introduced the Landau parameters, the symmetry function f(p,p’) = f(p', p).
Now we get the the quasiparticle energy should be

e(p) = o = eo(p)+ 3 £, )0 (p) + .. (6)

on(p)



The correction term gives a measure of the change of the quasiparticle energy due to the
presence of other quasiparticles. The function f(p, p’) measures the strength of quasiparticle-
quasiparticle interactions, which is called Landau parameters. Hence f(p,p’) is an effective
interaction for excitations arbitrarily close to the Fermi surface.
Near the Fermi surface, the Fermi velocity is given by vp(p) = Ve(p). Hence we can
define the effective mass
ot PF (7)
lve(pr)|

At finite temperature, the distribution function will be

n(p) = . (8)

~ explB(e(p) — )] + 1

This equation is actually a self-consistency equation for n(p), since €(p) depends on n(p).
Likewise, the interactions between quasiparticles depends only on the relative orien-
tation of the spins o and ¢’. The Landau interaction term is modified by spin effects

as Y, [, p)on(p)on(p') = 32, 0 > 6o foor (D, 0')004(p)0ng: (p'). The general expression

gives
fUU’ (pap/) S f(pap,) + 4UU,¢(pap/) (9)

For a rotationally invariant system, the interaction functions must depend only on the

angle 0: cosf(p,p’) = ’;—g. Here we should be able to use the expansion

for = Z fiPi(cosO), ¢py = Z@Pl(cos 0) (10)
1=0 1=0
l ! l !
fi=5= | @P@fes). o === [ dan@ows) ()

which is the definition of the Landau parameters.

Effective mass

The net momentum of quasiparticles is

Py = /(;iTp;,)pnp (12)



which is also the momentum of the Fermi liquid. Since the momentum is just the particle

mass times this current

d3p
P, = m/ —(27T3>vpnp (13)
which leads to
d3p d®p
/anp = m/ vae(p)np (14)
Now make an arbitrary change of n(p) and recall that €(p) depends upon n(p), so that
d3 /
de(p) = J 15
) = [ G 0800 (15)

We have

/ <d3 pomp = m/ Ve(p)ony - m / 2 / ;lw Vo (f (0, 7)on(p)n,  (16)
_m/ d3 (p)on, — m/ 279 / ds/f(p p)on(p)Vyny  (17)

d*p’
—_— = _— / 1
=2 _ 9,0 - / i 0.8 V) (18)
The factor Vpn(p) = Vye(p)Ven = —24(¢, — Er). The integral may be evaluated by

taking advantage of the system isotropy, and setting p parallel to the z-axis, on the Fermi

surface

Vpe(p)lpr = pr/m”. Thus,

pr_pr [ &P RS
1 1 [dp'(p)? [ do2r
E - % + = m (277')3 f(COS QPF7P/> COS QPFJ?,(S(EP - EF) (2())
11 1 [ do2r
E = m* + N(EF)EWJC(COS HpF’p/) COS Qpp,p/ (21)
We expand f as
= Z fiPi(cos ) (22)
l
/P()P()d— 2 (23)
and we define
m*
N(Ep)fi="5"fi=F (24)
So we reach that
1 1 F
— = (25)




Scattering rate, quasiparticle life time

Hence the scattering rate is related to the quasi-particle lifetime as

r~lt (26)

T

The scattering rate can be estimated by the collision integral from the Fermi’s Golden rule:

L [ [t anltk = aup + allk A PSE) + E () — B - )~ Blp+0)

x[n(p)(1 = n(p+q))(1 —n(k —q)) + (1 = n(p))n(p + ¢)n(k — q)]
(27)

The first term in the expression in brackets represents the rate at which quasiparticles are
scattered into new unoccupied states while the second term represents the blocking of such
processes due to occupied states.

To evalute this formula exactly, we leave it for the more advanced course. [We will
derive this express and calculate it in the course of Quantum Many-body Physics|. Here
we just make some proper approximatin and get a very rough estimation. The t-matrix
amplitude |(k — ¢, p + q|t|k, p)|? is represented by summing up particle-particle (or particle-
hole) scattering processes. We just approximate it as a constant, independent of momentum

transfer or energies of quasiparticles. Then we get

% ~ [t]*2m /0 dépm /0 d&p2 /0 dp3p(§p1)p(Ep2) P(Ep3) I (Ek + Eps — Ep1 — Ep2)
~ [t]*2 d d _
|t| 77/0 fpl/o €p2p(€p1)p(£p2>p(§pl + & )

~ [t]*2mpiw? (28)

Thus, provided the interaction strength and the density of states remain finite in the vicinity
of the Fermi surface. is bounded by a constant times w? and the quasiparticle lifetime
diverges at the Fermi surface as w goes to zero. For the finite temperature, one just replaces
w ~ kgT, so we get

1 2
=~ (ksT) (29)
-
The Landau picture we discussed works very well in neutral Fermi fluids (such as the

normal phase of liquid He) and in most (simple) metals.



EQUILIBRIUM PROPERTIES OF THE NORMAL FERMI LIQUID

Specific heat

The low temperature specific heat of a Fermi liquid, just as in the case of non-interacting
fermions, is linear in T with a coefficient determined by the effective mass m* of the quasi-
particles at pr. Let’s compute the low temperature entropy, or rather the variation of the

quasiparticle entropy (per unit volume) as
S——M#VE: ) Inn(p) + (1 = n(p)) In(1 — n(p))] (30)

where n(p) is the Fermi-Dirac distribution
1

nP) = T et (31)
The variation of the entropy is
1
S= o §<e<p> — w)on(p) (32)
_ On(p), elp) —p
Next we concern with the temperature dependence so we only focus on the first term:
on(p) 50T
= -3 — W) s 4
05 =~ 3 S bletn) - (34)
B odp 0 1 €— [ty
___/f daJdeMMﬂleﬂ(zﬂ)éT (35)
—k%ZN(EFR) — )220T
KN F/dxax ) (36)
—N(E VkRT = C' (85) = W—2N(E Yk T (37)
g o r v="1Gpv = g NEnks

This form is identical to that of a Fermi gas. It should be noted, however, that the ensity
of states at the Fermi level, N(EF), has received renormalization from the renormalization
of the Fermi velocity by the interactions. One way to emphasize this fact is to re-write this
form in terms of the free-fermion heat capacity COV (T):

m
Cy = C‘(/O) — (38)

The DoS at the Fermi level is

1 2 k? mkp
= — B, — Ep) = 4 2 — — FEp) =
v Ek 6(Ex F) (2n)? W/p dp5(2m ) 2 (39)




Compressibility

Compressibility describes the change in density if the chemical potential is changed. For

a fixed particle number, we have
0
—— ngﬁ (40)

where chemical potential is 1 = €(kp), n is charge density.

Using Eq. [ we have
ou 0 Okp 5 oon(k") Okp
— = &K f(kp, K — 41
an 8kF8n+/ Ik K G an (4D
We use the relation n = %, g,i = k£ and %(f) = (k' — kp), and then obtain
o k% kS k3.
—_— =+ — Q = —(1+ F 42
on  3m * 32 d2716) 3m( + ) (42)
and finally
(43)

.
=n—o:{(1+ F,
K ngm( + 0)

Spin susceptibility
Up to now we discussed only spin-independent perturbations. They are connected to the

parameters F;. Now, we discuss spin-dependent perturbations. The magnetic susceptibility

is given by y = ‘3—]‘; The magnetisation is given by
k: *
= (44)

T a1+ Z)

where Zy = N(Ep)3 fol d(cos8)P,(cos 0)(fr+(0) — f14(0)) is anti-symmetric Landau parame-

ter.

ZERO SOUND

Taking the quasiparticles in Fermi liquid theory as classical, we can think about its

transport properties. A typical feature is the so-called ”zero sound”.
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Similar to Boltzmann transport theory, we write down the kinetic equation for (non-

equibrium) distribution function of Fermi liquid

dn On Ondr Ondp

%o Tara Topar (4)

As we did before, we assume the distribution function taking the form n(p,r,t) = no(p) +

on(p,r,t). The energy of quasiparticle is
€ =€ + ¢ (46)
and
Selp.rit) = [ @0 Fp.p)onlrf . (47)

According to the classical mechanics, we have

dr  Oe dp Oe

@& dp E:f(r’t):_a (48)
where the last equation is the rate of change of quasiparticle momentum (the force).
So we have the following steps,
Ondr _ dlrng +n) De_ 06 ey "
or ot or dp~ or dp
Ondp _ Dng-+om) e dbcm, 0
op ot dp dr’ ™ dr 9p

and we reach

dn  0dn  0dndey 0dedng
dt ot * or dp dr Op =0 (51)

for the collisionless condition.

Here we set the form of distribution function as
6n = 6(e — ep) M (p)e™ ! (52)

M (e) is some unknown function. and we note that

Je  Ode A oon(p,rt
or = or = /d3p’f(p,p )% (53)
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particle-hole continuumn

q
FIG. 3: Spectrum of collective modes.
Inserting the above two equations, we get
(= vrp k)M (D) = (e Kor [ (o, 1/)ole — er) M (p) (54

—(e-k) / dpdbds(p )2 sin0f (p,p)5(p — pr)M(p)  (55)

= (e -k)27mp% / dfsin0f(0)M(p') (56)

where we used 88—’? = %g—; = —vi(e— Er). This is a self-consistent equation to solve M (p).

This is very difficult, so next we try some approximation.

If f(0) = Fo is a constant (for [ = 0 channel), then we see the solution ansatz should be

(e-k)

M = 57
p) = 67)

Inserting this form to the integral equation, we get

S, S+1

“In=—-—-1=F;! 58
2 "S5 0 (58)

where we define S = w/(kvp). Importantly, we get

l+e ' Fy<i1

S = (59)

LoFy>1

This solution (S > 1) corresponds to an (undamped) sound mode with dispersion w =
qurS and a sound velocity ¢y = vpS. This collective mode is known as zero sound. Notice
that the edge of the particle-hole continuum is at w = qug. Zero sound mode has been

observed in *He experiment in the regime between 100 mK and 3 mK .
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INSTABILITY

As discussed in the previous sections, Landau Fermi-liquid theory is based on the as-
sumption that, as the interaction is turned on slowly, the free-fermion ground state evolves
adiabatically to the interacting ground state. It can occur, however, that interactions make
the Fermi-liquid ground state unstable, and the system goes through a quantum phase tran-
sition into a new phase (often with spontaneously broken symmetry). There are several
different types of Fermi-liquid instabilities.

Ferromagnet.— Equation suggests that the spin susceptibility x diverges as Z; —
—1. This indicates the ferromagnetic instability, as the system responds infinitely strongly
to a weak Zeeman field that couples to the electron spins. The ferromagnetic instability
corresponds to a quantum phase transition in which the magnetization increases to a non-
zero value.

Pairing Instability.— Discuss soon.

Charge Density-Wave Instabilities.— Think about one dimension that the Fermi surface
reduces to a pair of discrete Fermi points. 2kp scattering will lead to the Peries instability
and form the charge density wave state. We are thus led to the conclusion that the 1D Fermi
liquid is unstable against any interaction; the only Fermi-liquid state is a free Fermi gas in
1D. Similarly, in 2D, nested Fermi surface may drive the instability of charge density wave

state.

CONCLUDING REMARKS

After all the vagueness of the derivation in this chapter, it is perhaps difficult to imagine
that the Fermi liquid theory is able to describe anything. But it actually is: it gives a good
description for instance of the 3He quantum liquid, as well as predicts many basic features of
metals. However, there are important states of fermionic matter that cannot be described by
the Fermi liquid theory. For instance superconductivity /superfluidity that will be discussed
in the following chapter cannot be explained using the Fermi liquid theory. The concept of
a quasiparticle will be used also there, but its meaning is different from the Fermi liquid
context. Since the Fermi liquid theory, the concept of “quasiparticle” becomes a cornerstone

of solid state physics, with the well known examples including phonon, exciton, plasmon,
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magnon, spinon, just to name a few.

Furthermore, one may wonder the situation that the Fermi liquid theory fails. People
are used to call non-Fermi liquid in this case. One example is, in one-dimensional systems
the Fermi liquid theory always fails. There, a somewhat analogous description is given by
the Luttinger liquid theory. Fermi liquid theory can be considered as the ’default’, basic
description that one should try to apply for an interacting fermion system to start with.
Often it applies pretty well; if not, one probably has a highly interesting and non-trivial
many-body system at hand.



HOMEWORK

1. Please derive the spin susceptibility Eq. using the Fermi liquid theory.

[1] LD Landau, “On the theory of the Fermi liquid”, Sov. Phys. JETP 8.1 (1959), p. 70.
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