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Many electronic properties of condensed matter systems can be understood using an
independent-electron approximation, in which each electron moves in an identical external
potential. In this chapter we will first discuss how this reduction from a many-body prob-
lem to a single-particle problem is carried out systematically for the ground state, using a
traditional mean-field method. It can be in principle generalized to study response functions
and (certain) collective excitations of the system.

The Hartree-Fock method is a basic method for approximating the solution of many-body
electron problems in atoms, molecules, solids, and nuclear physics, and in other applications.
In the Hartree-Fock method, one attempts to find the best multi-particle state that can be
represented as a Slater determinant of single particle states, where the criterion for “best”
is the usual one in the variational method in quantum mechanics. For the Hartree-Fock
method, this means that the expectation value of the energy should be stationary with
respect to variations in the single particle orbitals. Hartree-Fock solutions are often used
as a starting point for a perturbation analysis, which is capable of giving more accurate

approximations.

SELF-CONSISTENT HARTEE-FOCK APPROXIMATION

The physics of interacting particles is often very complicated because the motions of
the individual particles depend on the position of all the others, or in other words the
particles motions become correlated. This is clearly the case for a system of charged particles
interacting by Coulomb forces, such as e.g. the electron gas, as shown above. Nevertheless, in
spite of this complicated problem there are a number of cases where a more crude treatment,
not fully including the correlations, gives a good physical model. In these cases it suffices
to include correlations “on the average”, which means that the effect of the other particles
is included as a mean density (or mean field), leaving an effective single particle problem,
which is soluble. The mean fields are chosen as those which minimize the free energy, which
in turn ensure that the method is consistent, as we shall see shortly. This approximation
scheme is called “mean-field theory”.

In general, the hmailtonian will be like H = Hy + Vj,;. The interaction V},; is approx-
imated by the mean field interaction Vj,r resulting in the so-called mean field Hamilto-

nian Hy/p given by Hyrp = Hy + Viyyr. The mean field Hamiltonian Hj;pr contains only



single-particle operators, and thus the original many-body problem has been reduced to a
single-particle problem, which in principle is always soluble.

Say, we have a system as
H=Has+ Hp+ Hap = f(A)+9g(B) +\AB (1)
where AB is the interaction between A and B. The simplest treatment is
AB = A(B) + (A)B — (A)(B). (2)

(A) is the averaged value of operator A over the mean-field ground state. It is a c-number.
To get a proper value of (A) is the the central target of the mean-field calculation. There

are two possible routes to get solution which in fact are equivalent.

Method 1 The average is to be determined self-consistently, i.e. when calculating the
averages (A) = —Tr[e”?vr A, and same with (B), where Zyp = Trle”""vr] is

the mean field partition function. This is a self-consistency equations.

Method 2 Using the (A), (B) to minimize the free energy Fjr of the mean field Hamil-
tonian. Using the expression for the free energy Fyp = —InZyp givenv 8(5(—%” =

0, a;z—”éf = 0. One can see that the two methods are equivalent.

Last but not least, the choice of the proper mean field parameters requires physical
motivation about which possible states one expects. You will see many examples next.
Using the two-body electron-electron interaction as example, we present how it works in

[ int \ ab a’b’c & Cb/ Ca/ 3
) a b
a,b,a’,b’

The basic idea behind the mean field theory was that the operator n,. = ¢l ¢, is large only
when the average (n4.) is non-zero. For most of the combinations the average (nyy) is zero.
We therefore use the same strategy and write the four operators in the interaction term in

terms of a deviation from the average value

i ew (e ew) + e ealct en) — e on) e o) (1)



Thus we arrived at the Hartee approximation for interactions

Hartee + +
Vint E Vab,a't' Maa’ ¢y Cyy + E Vab,a b My € Car — E Vab,a’b/ Maa Tty (5)

This is not the full result. To derive the mean field contribution from another possibility

we thus have to first replace ¢/ ¢, by its average value and following the mean-field principle

Fock:
Vint E Vbt Maty G Car — E Vab,aty Mbar Cot Cyr + g Vab,a't Map Mbar (6)

Again we emphasize that the Hartree-Fock approximation depends crucially on what
averages we assume to be finite, and these assumptions must be based on physical knowledge

or clever guess-work (see examples below).

APPLICATION: INTERACTING FERMIONS

We consider the weakly interacting fermions in solids, where the electrons are interacting
with each other via long-ranged Coulomb interaction as a starting point. The hamiltonian

describes N electrons moving in a uniform ion background:

H = Helec + Hbackground + Helec—background (7)
p; 1 (—e)?
He ec — — A T 7 8
! 22m+2z|7’l—r3| ()
n
Hbackground —6 /d5 /d5 / bll’ _ .I’/‘ ) (9)

n
Helec background — —€ Z/dg b (10)

\x—rj|

where Hpgckgrouna is the uniform positive change background, Hejec—packground 1S interaction
between electron and background charges energy. To separate the symbols, we use r; to
represent electron coordinates and xz; the ion coordinates. Please note that, we neglect
the kinetic energy of Hysckground, Since we approximate ion is heavy enough. This is called
Born-Oppenheimer approximation (discussed below). To keep the the whole system charge
neutral, we assume number of ions is equal to number of electrons (each ion takes the charge
+e¢). Then we define the density is almost uniformed distributed and n, = N/V is a constant.
For the electron Hamiltonian, we write it using second quantization:

Hepee = Y € ckck+ 5 ) V(@ gt (11)

k k17k2,q



where the kinetic energy is E°(k) = k?/2m. The interaction term is

1 _ _ (—6)2 . . ’ 1 . — (—6)2
1% dxd /_—i k1+q)x i(ka—q)x’ ikix jikox' _ /d d 1 _iq(x—x")
(a) = VQ/ xaxe €|x—x’|e ‘ V2 xaxe €|x — x/|
1 (—e)* 1 (—e)’
= V(q = 0) V2 /d dx /m V /dZ €|Z| (12)

Then we estimate the contribution of term V'(0) in electron-electron interaction

1
(0 Heeg-0[0) = 5V(0) D (0lei, el i1, 0)

ki,ke2
1 1
=5V(0) > {0lek, e, s |0) — 5V (0) > {0l e, [0)
kl,kg k1
1 1 N? (—e)?
== N?2—-N 1
VO =N~ 53 [antol (13)

Similarly, we can estimate the energy of background term as

1 (+e)np(x) (+e)ny(x) 1N2/ €2 1N2/ 2

Hac round — X dd, ~ —— dd,—:__ dz——

background 2/ o €le — 2| 2V2 Xxe|x—x’\ 2V Ze|z\
(14)

and electron-background part is

(+e)ny(z)(—e) N2/ e?
Heec ackgroun - dz— 15
ee—ackground = z/ e - [ (15)

To sum up, we see that Hbackground N Hee,q:O +Helecfbackground = 07 because Helecfbackground

takes the opposite sign and twice of Hysckgrounds Heeg=0- This remarkable result means, even
though V(0) itself is divergent, we can safely remove ¢ = 0 term in the Hamiltonian. Below

we will discuss the final hamiltonian as our target:

H=Y 0ot} Y Vit qonn (16
k

kl,kg,q;éo

To reach the above model hamiltonian, we have used the Born-Oppenheimer approxima-
tion: the electrons quickly adjust their state to reflect whatever positions the ions occupy
at any given time, i.e. to a good approximation, one may solve the Schrodinger equation
for electrons by assuming that the ions are fixed. Moreover, that the divergent term in
the Coulomb interaction corresponding to ¢ = 0 (see above) is canceled by contributions to
the total energy from the positive background, makes the so-called the jellium model. This

cancellation is a consequence of the charge neutrality of the crystal.



Under what conditions could the Coulomb interaction between electrons be treated as a
small perturbation? To answer this question, we need introduce a parameter. If the averaged
distance between electrons is ro, since FrgN =V, we have ro = (47/3)~ 1/:J‘(N/V) 13 ~

n~'/3. So high density leads to small distance 7o < 1. And n = k}/(372) (N = o /kL)3 X 2),
we have rq = (97/4)"/3(kr)~'. So if we compare the average kinetic energy Ex = k%/2m ~
752, and the potential energy Ey ~ e2/(4nry) ~ ry', BEyv/Ex ~ rg < 1, so the high
density condition is equivalent to the requirement of weak-scattering condition, so that
the perturbation theory is well applied. In most metals, the single-particle approximation

explains many of their low energy properties.

Next we apply the Hartee-Fock approximation on Eq. [16}
= Z E"E (k)¢ ey + const. (17)

ETF (k) Z V(k —K)]ne = E°(k) + NV(0 an/Vk k) (18)

(Hartee term is zero for the jellium model, but we still keep it here for the general case.)
The second term is the interaction with the average electron charge.

This (always negative) contribution to the total energy of the electron liquid is known as
the exchange energy:.

For a non-interacting system, a pair of electrons with the same spin orientation are
affected by the antisymmetry of the wave function: the pair correlation function for same-
spin electrons, g(r) vanishes for » — 0 and tends to 1 for » — oco. The depletion region at
small separations is precisely the “exchange hole”, and its existence leads to the negative
exchange energy.

Then we take electronic density n(k) as a functional, we can construct the energy func-

tional as

=> E"(K)n(k) => [E°(K)n(k) + NV(0)n(k)] - Y n(k V(k—K)

k k,k’

(19)

Performing the Fourier transformation, we get



> Fib(Er - ) = / W _ L U@)on@)O(Er — B+
/dxé(x —2) /sz x—z Z Z 10;(2)|?O(Er — E;)¢;(2)dx(2)O(Er — Ey)
- [ [avia-2) > 3 () o) — E)O(Er ~ B ()
By taking variation on the wave function ¢y (x), we reach the self-consistent equations

for the the eigenfunctions. We obtain the self-consistent Hartee-Fock equation as (j, k is the

band index):

o+ Unalon(o) + [ V(o =) (=2 oeIPOLEr ~ Bt
- [ava-2) )32 ()01 (B = B)osa) = Bl 1)

Since charge density is n(z) = >, [¢;()[PO(Er — Ej), the first term is [ d2V(z — 2)n(z),
which is Hartee field as a local direct potential that is proportional to the particle density.
The second term describes the exchange effect, which is a static but non-local effect.

Eq. constitute a very complicated problem: An initial set of single-particle wave
functions and energies are assumed know,.then Eq. 21| becomes a one-body eigenvalue equa-
tion that determines a new set of eigenfunctions and eigenvalues. This process is continued
until a self-consistent solution is obtained for both {¢;(z), E;}. The above self-consistent

equations are first derived by Hartee 1928 and Fock 1930.

FExchange energy of free electron gas. Let us look at the self-consistent Hartee-Fock
equation Eq. The set of energies and wave functions { Ey, ¢x(z)} should be solved
numerically. Here we can estimate the exchange energy using unperturbative wavefunc-

tions.




Eq. defines the energies:

Ekin + EHartee + Ea:c - Etot

Fion =3 [ it o+ U@)6x()B(Er ~ E)

Erartee = /dx5(:1c —2) /sz(x —2) Z |¢j(z)|2@(EF — ;)¢ () pr(2)O(Er — E)

= [t [ asVa = L hnl1oner ox00(Er - ENO(Er - By
Eiw = Y  EO(Ep — Ey) (22)

If we make a rough approximation, ¢x(x) = ¢2(z), by setting the wave function as
the unperturbative ones, we can get (this is equivalent to reduce from self-consistent

Hartee-Fock to Hartee-Fock approximation)
Bro=— [ do [ d:V(a — 2) S (00 )62 6000 Er — B,)O(Er — By
k,j
= —/dx/dz—4ﬂ€2 —1 Zeik'xe_ik'zeip'zeip'x@(E — E,))O(Er — E)
R Vv o e e

:__2‘47T6 —E) (Bp — Ey) = ZZM O(FEr — Ey)

where we define

47re d*p  4me?
—EB)=— [ 22 "% —

kF e2 ke k+p
_ e “ dpl
/ P’ p/ k2+p “okpt 7k Jy pdpIn|7—"]

= — 1 23
e TR e (23
and y = k/kgr. Then ,
Epe =Y Yu(k)O(Ep — Ey)
Kk
€2k’F k3 ! 1-— y2 1+ Yy 362]{3}7 k3
-V ZE 2q0ul1 1 =V —£ 24
T 212 J, Yyl + 2y m|1—yH A 3w (24)
So the exchange energy per electron is:
E 3ekp 3.3
— xe _ — —_ — — /3 2




and number of electrons are

v

Ne=2—= /d3p@(EF —-E,) = 2L27r /kF dep/l dt = Vﬁ (26)
(2m)? g (2m)? 0 -1

372

APPLICATION: DENSITY FUNCTIONAL THEORY

At this step, we could discuss the connection with the famous density-functional the-
ory (DFT), based on the knowledge about hte Hartee-Fock approximation. In history, a
fundamental progress in DFT is the Kohn-Sham equations (1965), which provides the first
practical and calculable framework in DFT. Here we briefly discuss it. The Kohn—Sham
equations consist of non-interacting particles in a potential that is analogous to the Hartee-
Fock approximation as listed above.

Kohn-Shan proposed an auxiliary system of independent “electrons” that can be derived

from the solution of independent-particle equations with some as-yet-undetermined potential

Vers(r):
=57+ Vags(0)]64(x) = () 27)

with auxiliary eigenvalues E; and eigenvectors ¢;(r). The condition of minimum energy (or

self-consistency) for fixed particle number yields the effective potential
Vers(r) = U(r) + Vi (n(r)) + Vae(n(r)) (28)
where the density is given by

n(r) = 3" ne(Er — B)6i) (29)

The Hartee potential is [ dzV (z — 2)n(z) = [ dr' =) that is the same what we obtained

=xk

in Eq. The exchange term is intrinsically non-local, and its form needs special care.
Propose that we already know some form of exchange potential V,..(n(r)) (we will discuss it
later), we can using Eq. to make a self-consist loop to do the calculations. At the
solution, V.ss(n(r)) = Vks(n(r)) is the Kohn-Sham potential that (except for an irrelevant

additive constant) is in one-to-one correspondence with the density n.
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Hohenberg and Kohn Theorem 1. The ground-state of a many-electron system is a
functional of the electron density (i.e. two ground state wave functions must be identical
if the expectation values of the density operator are identical for these wave functions).
That is, there is a one-to-one correspondence between the ground state wave function
and its density expectation value.

Proof. Let |¥), |¥') be two different many-body wave functions which are the ground
states for different external potentials Vr and Vi, and (¥|n(r)[¥) = (¥'[n(r)[V¥’).
Then

B = (WH'|W) < (W[H'|W) = (U[H[W) + (V|(H' = H)|V) = E+ (V|V' = V&) (30)

The inequality is introduced into the above relations by the variational theorem because
|W) is not the ground state of H'. Interchanging primed and unprimed quantities in the

above relation leads to a similar inequality,
E < E'+ V|V -V'|V) (31)

and combining the two inequalities leads to
E'+E<E+FE 4+ [(U|V-V'|U) +(¥|V' — V|¥)] (32)

Using the fact that | ) and |¥’) have the same density, the terms in the brackets cancel

out (see the Hartee-Fock energy potential), leaving us with the contradiction
EF'+E<E+F (33)

Therefore the assumption that the two states have the same density must be incorrect.
The theorem follows. (Note that this line of argument assumes that the ground state is
non-degenerate. )

Hohenberg and Kohn Theorem 2. The ground state energy may be expressed as a

functional of the density and this functional is minimized by the true ground state density.

The accomplishment of Hohenberg and Kohn (1964) was to show that the energy can also
be considered to be a functional of the density Epk[n]. And then one can deduce that, the

correlation potential E,.[n| = [Exk[n] — Tina[n] — Eu[n]] (Ting is kinetic energy from inde-
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pendent electrons, Fy is Hartee energy), only depends on the local density n(r). (therefore
exchange potential is V. = %Ezc(n)) However, it still remains to find good approximations
for the unknown exchange—correlation contribution. The reason DFT is so successful is that
even very simple approximate functionals can be remarkably accurate for groundstate prop-
erties of many systems. One widely used approximation is, the local density approximation
(LDA). The exchange—correlation energy density is supposed to depend locally on the charge
density, EEPA = [ drn(r)es(n(r)), and e,.(n) = —3(2n)'/? (see Eq. . This is from the
averaged exchange energy of high-density (non-interacting) electron gas. LDA only applies
to some weakly correlated systems like simple metals.

Furthermore, the discussion of Hartee-Fock can help us understand many techniques in
the DFT. Different methods assume differnt form of exchange potential V,,. = dndE,.(n),

i.e. try to find different ways to deal with correlation effect. Let me briefly summarize them

here:

e LDA.— The LDA approximation is, in principle, adequate for system with a low
spatial varying electron density, but it revealed good for a wider variety of materials:

Ea%cDA = fdrn(T)ExC[n(T)]a Epeln] = _%<§n)1/3-

T

e GGA/PBE.— Expanding V,. in terms of the gradient of the density in order to
account for the non-homogeneity of the true electron density. This allows corrections
based on the changes in density away from the coordinate. These expansions are
referred to as generalized gradient approximations for exchange and correlation:
ESEA = [drn(r)E..(n(r); Vn(r)). PBE is a special GGA [J. P. Perdew, K. Burke,
and M. Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996) |.

e Hybrid functionals.— Hybrid functionals are a class of approximations to the
exchange-correlation energy functional in DFT that incorporate a portion of exact
exchange from Hartree-Fock theory with the rest of the exchange-correlation energy
from other sources (ab initio or empirical).

PBEO. The PBEO functional mixes the PBE exchange energy and Hartree-Fock
exchange energy in a set 3 : 1 ratio, along with the full PBE correlation energy:

PBFEO __ 1 HF 3 7 PBE 1l HF
EPBE0 — LpHF | 3pPBE | L pHF
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HSE. The HSE (Heyd-Scuseria-Ernzerhof) exchange-correlation functional uses an
error-function-screened Coulomb potential to calculate the exchange portion of the
energy in order to improve computational efficiency, especially for metallic systems:
BHSE = o FHESR(4G) 4+ (1 — a) EPBESE () + EPBELR 1 PPBE where a is a mixing
parameter and is an adjustable parameter controlling the short-rangeness of the

interaction.

GW.— The GW approximation is an approximation made in order to calculate
the self-energy of a many-body system of electrons. The approximation is that the
expansion of the self-energy ¥ in terms of the single particle Green’s function G' and
the screened Coulomb interaction W [L. Hedin, Phys. Rev. 139, 796-823 (1965)].
The screened Coulomb interaction can be expressed by W (q) = V(q)/e(q). where €(q)

is the dielectric function.

DMFT.— A non-perturbative way is used to calculate the self-energy function. Please

see the future lectures.
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APPLICATION: TOPOLOGICAL MOTT INSULATOR ON THE HONEYCOMB
LATTICE

The lattice model under consideration for spinless (spin-polarized) fermions takes the

form

splnless = tz G, Cj + Vi Z nin; + ‘/QZ n;n; + ‘/32 ;. (34)

(i,3) ()

(1)

Here, ¢, !

annihilates (creates) a spinless fermion on site ¢ and n; = ¢/¢; is the fermion density
operator on site i. The sums run over nearest-neighbor (i, j), second-neighbor ((i, j)), or
third-neighbor bonds (((7, 7))). The hopping amplitude is denoted by ¢ and the parameters
Vi, Va, and V3 quantify the nearest-neighbor, second-neighbor and third-neighbor repulsion,
respectively.

The model for spinful fermions includes an additional on-site repulsive interaction U.

The Hamiltonian reads

spmful —t Z CivCjo + U Z UL + ‘/1 Z nin; + ‘/22 nin; + ‘/?)Z nin;.

(@90 ()

() annihilates (creates) a fermion on site ¢ with spin ¢ =71,/, n;, = ¢ ¢ and

Here, c;, ioCio

= Y. Njs. The summing convention and the meaning of the parameters V;, V5, and V;
are the same as for the spinless model.
The model Hamiltonian for spinless fermions with nearest-neighbor and next-nearest

neighbor interactions is written as

— Zt (cjcj + h.c.> +Vi Z(nl —1)(n; — 1)

(ig) (i.7)
+V2 Z("i—l)(nj—l)—u<zni—N> (36)
((i.5)) i

where V) and V5 are nearest-neighbor and next-nearest-neighbor interaction strengths, re-
spectively.

Since the honeycomb lattice is bipartite, consisting of two triangular sublattices (referred

to here as A and B), nearest-neighbor repulsion will favor a charge density wave (CDW)

T

phase with an order parameter p = % <<C@ ACiA) — <chcl-B>) that is consistent with overall

charge conservation and describes a phase with a broken discrete (inversion) symmetry.
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FIG. 1: Interactions considered in our model Hamiltonian (left-most hexagon), Eq. Various
order parameters are shown for the A-sublattice (open circles) in the middle hexagon and for the
B-sublattice (filled circles) in the right-most hexagon. The CDW order parameter p is a real scalar,
SDW order parameter M a real vector and the QAH/QSH order parameters x4, xp are complex
4-vectors. In the case of spinless fermions, x 4, xp are complex scalars. x4, xp are both defined on

the directed second neighbor links defined by b;.

However, since the second neighbor interactions within a sublattice are frustrated, CDW
order will be suppressed; instead we consider the possibility of orbital ordering by defining the
following order parameter for 4, j next nearest neighbors: x;; = xj; = <cj»cj>. Let a1, as, a3
be the nearest-neighbor displacements from a B-site to an A-site such that z - a; x as is
positive. We also define the displacements b; = a;—as, b, = a3 —a;, etc, which connect two
neighboring sites on the same sublattice (Fig. . A translational and rotational invariant
ansatz of x;; is chosen as
Xa = [x|e4, i€ A

Xiyitbs = . (37)
xB = |x|e”5, i€ B

which are complex scalars that live along the directed second neighbor links.

Let’s decouple the terms one by one:

VS ey = Vi () + p)ngs + maaln) — ) — ((n)? — )
(ig) (i)

Vo Z nin; = Va Z —clejxiy + e + XijXij (38)
((6,3)) ((i,3))

Owing to translational symmetry, the mean-field free energy at T' = 0 is readily obtained:

Fp,x:6,6) = — SO\ R)2 + (Vip + 2ValxlSiesSs)” + 3L2 (Vig? + 2vax[?)  (39)
k
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We have defined the following quantities: t(k) = >.°_, exp (ik - a,), ¢ = (¢pa + d5) /2,0 =
(04— dB) /2, k45 = Zi:1 sin (k- b, +¢),Ss = sing. Thus, the next-neighbor hopping
amplitudes are purely real only when both ¢ = 0 and ¢ = 0.

To see the mean field energy, we explain details as below. With the help of Eq. [38] we

have the mean-field Hamiltonian as

H = Z’VkCL,ACk,B + h.c.+WV; Z(<n> + p)c,Tc’BchB + ((n) — p)cL’Ac,ﬁA
k k

Epa + ((n) — p) 178 Cr,A
tf &k + ((n) +p) kB

= (CLA, CL,B)

tk — 621]2’61 +6iE'ﬁz+eiﬁ'63

3
fk,A _ Xei¢A+ik-b1 + Xe*i%gfik-bz + .= QXZ CQS<¢A + ];; 611)
n=1
3

Eep = 2X Z cos(¢p + k - by)

n=1

Thus, mean-field energy is obtained by the equation

(Ex = (&k.a — p))(Ex, — (§(k, B) + p) — [tx]*) = 0

and

_'_
B = AT SR Nl Vit 2XsS,,55P

Please note that %(S;%A —&p) = —2Xs,;+55¢.

When both p and y = 0, and at half-filling, the system remains a semi-metal consisting
of two Fermi points Ky which obey K, -b; = +27/3 and the density of states vanishes
linearly; the dispersion in the vicinity of these so called Dirac points is governed by a
2D massless Dirac Hamiltonian in k-space . The CDW phase corresponds to an ordinary
insulator with a gap at the Fermi energy. As for the order parameter y, which describes
the second-neighbor hopping, its phase relative to the nearest neighbor hopping amplitude
plays an important role in determining its properties: while a non-zero Re(x) merely shifts
the energy of the Dirac points, a non-zero imaginary part Im(x) opens a gap at the Fermi
points. Thus, when the system remains at half-filling, it is more favorable to develop purely

imaginary next-neighbor hopping amplitudes; such a configuration corresponds to a phase

with spontaneously broken time-reversal symmetry.
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To see whether such a phase can be favored, we minimize the free-energy and arrive at

the following self-consistent equations:

F % 2VoxSkiaS
g_:():}p_ 1P+ 2V2XOk149¢ 2 (40)
P \/ [t(k)I? + (Vip + 2Vax Sk 155)
Sk+a (V 2VoxSkiaS
Z—F:O:>X: ng k+¢( 1P+ 2VaXOki g ¢>) (41)
X

VIER)P + (Vip + 2Vix Sy 55)°
When y = 0, it is easy to see from the first equation above that CDW order develops

continuously at a critical value Vj. given by

1 1 1
_ 42
Vie  2L? z,; (k)| 42)

Due to the vanishing density of states (DOS) near the Fermi points, there is no instability
towards CDW formation with infinitesimal interactions. Interestingly, the self-consitent
equation for y shows that a non-trivial self-consistent solution can only occur when ¢ # 0;
a detailed investigation of these equations show that when V; = 0, beyond a critical value

of V5. > 0, which satisfies

k+¢
43
wc L?Z ] (43)

a phase in which |x| > 0 ,¢ = 0, and ¢ = &7/2 is favored. Such a phase is also stable at
finite V; and is thus does not require fine-tuning (see Fig. . In this phase, the system
acquires purely imaginary second-neighbor hoppings with a chirality which is determined by
the sign of ¢.

We have obtained the complete phase diagram in the V; — V5 plane; within mean-field
theory, there is a continuous transition from the semi-metal to either the CDW or the
QAH phase and there is also a first-order transition from the CDW to the QAH phase.
By integrating out the fermionic fields, it is possible to construct a Landau-Ginzburg (LG)
theory expansion near the nodal region where the order parameters are vanishingly small.
Due to the linear dispersion of the Fermi points, the LG free-energy contains anomalous
terms of the form [p|> and |[Im(x)|® arising from linear dispersion in the vicinity of the
Fermi points. The significance of such terms is that even within mean-field theory, the

CDW order parameter, for instance, grows as (V; — Vi) rather than the usual (V; — Vlc)l/ 2,
Furthermore, the Landau-Ginzburg theory describing the competition between the CDW
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FIG. 2: Phase diagram for spinless fermions (¢ = 1) [2]. The semi-metallic (SM) state that occurs
at weak-coupling is separated from the CDW and the topological QAH states via a continuous
transition (blue curve). The line separating the QAH and CDW marks a first-order transition

(shown in red), which terminates at a bi-critical point.

and QAH phases confirms the existence of the first order line between these two phases that

terminates in the bicritical point leading into the semimetal phase.
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APPLICATION: THE HUBBARD MODEL

The Hubbard model was named after John Hubbard (in 1963), which is the simplest model
of interacting particles in a lattice. The main motivation was to tackle the behaviour of cor-
related (rather than non-interacting) electrons in solids, describing the transition between
conducting and insulating systems. It contains only two terms in the Hamiltonian: a kinetic
term allowing for tunneling (“hopping”) of particles between sites of the lattice and a poten-
tial term consisting of an on-site interaction. The particles can either be fermions, as in Hub-
bard’s original work, or bosons, when the model is referred to as either the “Bose—Hubbard
model”.

Hamiltonian in the simplest case of non-degenerate band, with one orbital per site, can
be expressed in the second-quantization formalism as:

H= Z tijﬂczﬂcj,o +h.c.+U Z Nty (44)

irj i
where we denote the creation operator CIJ for an electron of spin ¢ in the orbital at lattice site
i. t;; is the amplitude of the process, the so-called hopping amplitude from site j, where the
electron is destroyed, to site i, where the electron is created. The term ¢;; is the traduction
in the second-quantization language of both the kinetic energy and the crystal-potential

energy associated with an electron at site:

toe = [ 55,0 (e + VD) ) o, 7 (45)

2m

where wannier wave-functions ¢z (r) are centered at site R;. We suppose that the hopping
amplitude does not depend on the spin variable and therefore we drop the o label. The term
V(1) represents the periodic crystal potential energy. As stated above, one approximation
that is usually employed for the hopping term ¢;; is to consider it different from zero only
when ¢ and j are nearest-neighbour sites (¢;; = t), as their overlap is usually the largest.

Operators n;, = é;éw count the number of particles at site ¢ with spin o. They are
2

projection operators, ie, n; = n;, (either there is one electron with spin o at site ¢ or there
are no electrons). The expectation value (1;,) = (V¢|n;,| Vo) in the many-body ground-state
| W) represents the electron density n;, at site ¢ with spin o (mean occupation number). The
physical origin of ﬁU is the Coulomb repulsion of the electrons: when at site ¢ both spin-up

and spin-down electrons are present, from Eq. (1) they contribute to the total energy with a
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term +U, as both 7,4 and n;; in Hy; give one. If, on the other side, the two electrons belong
to two separate atoms, they do not feel any Coulomb repulsion (this is of course a strong

constraint). Formally, the on-site Coulomb repulsion can be written as:

2 1

U /dﬁdf‘ P, o (T) ‘zm‘sﬂﬁi,a(F ok (46)

47'('50

The Coulomb term does not depend on the site-label i, if we suppose the system homoge-
neous. Notice that in the extreme limit U/t = 0, we recover a purely band-like (tight-binding)
picture, with just kinetic energy and crystal periodic potential, and in the opposite limit
t/U = 0, we find a purely atomic picture.

The Hubbard model was proposed to describe electrons in 3d transition metals. In
these elements, the radial wave function of the 3d-electrons has a very small spatial extent.
Therefore, when the 3d shell is occupied by several electrons, these are forced to be close to
one another on the average so that the electrostatic energy is large. Initially, the model was
introduced to provide an explanation for the itinerant ferromagnetism of transition metals,
such as iron and nickel, but the past 50 years have seen its relevance go far beyond that
original context.

The simplicity of the Hubbard model, when written down, is deceptive. Not only had
Gutzwiller, Kanamori and Hubbard already extracted different physics from the model,
it turned out to be a 'mathematically hard’ problem: an exact solution has so far only
been obtained for the one-dimensional case. Today, with ever-increasing computer power,
numerical simulations of the model are mainstream — particularly when trying to get a grip
on the role of the topology of the underlying lattice, a ‘hidden variable’ indeed.

Ever since its inception, the model has spawned new lines of research in theoretical
physics; the development of dynamical mean-field theory is a noteworthy example. Although
the model quickly became a firm favourite of theorists, it twice experienced a sudden rise in
popularity due to breakthroughs in experimental physics.

The first followed the discovery of high-temperature superconductors in 1986. Until then,
the Hubbard model was believed to have little to do with superconductivity. However, in
the wake of the high-temperature superconductivity ‘revolution’, one particular adaptation
of Hubbard’s original model called the t—J model (originally arising in the context of doped
Mott-Hubbard insulators) emerged as a compelling candidate for hosting a superconducting

state. A rigorous proof of the existence (or non-existence) of a superconducting ground state
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in the t—-J model is still missing — underlining that research on superconductivity and the
Hubbard model is continuing.

A second boost in activity surrounding the Hubbard model came in the 2000s, when the
field of cold-atom optical trapping had advanced so far that experimental realizations of the
Hubbard model could be achieved. A landmark experiment demonstrated how a lattice of
bosonic atoms displays a transition from a superfluid to a Mott insulator, a result accounted
for by the Bose-Hubbard model (the Hubbard model for bosons). Many other variants of
the Hubbard model, including the original model for fermions, have been experimentally
realized by now, a development that nicely illustrates how a model can become the target
of experiments itself — and, more generally, how theoretical and experimental physics can
entangle and spark further progress.

Part of the legacy of Hubbard’s model is that it launched the field of strongly correlated
systems — it is undoubtedly the archetypal model of many-body physics. Although the
Hubbard model secured it’s place in (condensed-matter) physics textbooks many decades
ago, it is very likely that it will continue to play an important role in fundamental research
as well. In particular, the continuing experimental progress in artificial lattices of cold atoms
and superconductivity, where the Hubbard model and its modifications play a prominent

role, should be a stimulus for further explorations.

Conduction limit U — 0

The two-dimensional square lattice is drawn in figure [3, The unit-cell is spanned by the
2 vectors d; and dy, of common length a. However, for our calculations we consider the
cell of double area spanned by the 2 vectors b, and 52, with the idea of looking for possible
antiferromagnetic ground-states. Such a cell encloses two atomic sites that can in principle
be inequivalent (e.g., spin 1 and spin ). In what follows, we adopt the site-label él for
the double unit cell and, within each cell, the two atoms are labeled by an extra index
a = 1,2. For example, as shown in figure 3, nearest neighbours of o = 1 sites are necessarily
a = 2 and vice-versa (bipartite lattice). The general creation (annihilation) operator for an
electron at site ﬁi, position «, spin ¢ can be written as: éZTM (Cino)-

In spite of the cumbersome form, the meaning of hopping terms is quite straightforward:

the first line represents the four nearest-neighbour hopping energies (represented by dashed
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Ma= I'b

FIG. 3: Double (51,52) cells for the square lattice. Nearest neighbours of o = 1, RZ are highlighted
by the green dashed lines. The four violet cells represent nearest-neighbour cells in the (51,52)—
basis. Band structure in tight-binding approach (U = 0). Full band-structure for the single cell. A

Van-Hove singularity (the white dashed line which connects the X, points) appears at half filling.

green lines in figure ) when site R; is of o = 1-type and site ﬁj is of & = 2-type, and the

second line the opposite case. As we employ the reciprocal lattice of the (51,52) direct lattice,

we must express the nearest neighbours in terms of linear combinations of 51, 52 vectors.
Consider first the hopping part of the Hamiltonian, I:Ig. By inserting the k-transformed

operators, we get the usual tight-binding band structure:

[:Lf: _% Z toza Ze—lkRzAT lk R Ck/ Y

ijac’o Kk
]_ T / D D
. W, AL ao’ —1k-R; J1k'-R;
=% E Cr Ciraro E tij e e
ki ao'c ij
aa 1k:’f]’ —1(k—k")-R
= cﬂ Cr i— Y e R
"2 G LU Z
kK ao'o
= g cﬁ Crwofi (47)
kaa'c
. . . . . ’ =S
where we defined the matrix hamiltonian in the a-o' basis as: 2% = — > g e® i, In

passing from the second to the third line of we used the translational invariance of the
structure factor t"‘a this means that if we write R R; +1;;, the vectors 7j;;, and therefore
the way of counting nearest neighbours, are independent of the startmg point R;. So, we

can write: 7;; — 77;. Moreover we used the fact that + >, e 1(k=F) = 0pp-
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As we have two atoms per unit cell, the matrix hamiltonian is a 2 X 2 matrix (a, o/ = 1, 2)

+

that should be diagonalized in order to have the band structure €t

From the explicit

expression of the structure constants, we get the matrix:

0 tyr
Hy=| (48)
tyz O
where 7 = — {1 + ik Bib) 4 o=tk b 4 6’”2'52}. Its diagonalisation leads to two bands

given by:

+
€OE = :|:t|’7,;| =+t

2 cos (%-bl—;bZ)—l—Zcos (E-bQ;b1>| (49)

The band structure and density of states (DOS) per unit cell are depicted in figure,
together with those for the single cell (@;,ds), for comparison. Bandwidth is W = 8¢. At
half-filling, we have a nested Fermi surface, leading to a van Hove logarithmic singularity in
the DOS. We remind that nesting is the property by which any point of the Fermi surface
is related to another point of the Fermi surface by a fixed vector, in this case the vector
(m/a,m/a), because the Fermi surface is a square at half-filling, as shown in figure 1. Clearly,
at this level, changing the choice of the unit cell (a pure convention) does not change our
results: in fact, the second band is just the folding of the first band of the single cell, as can

ba—b1
2

be also seen by considering that @ = @; and = {dy. This comes from the fact that
the point M, = (7/a,m/a) in the reciprocal cell of the direct cell (@,ds) becomes equivalent

to I, = (0,0) in the reciprocal cell of the direct cell (by,bs).

Atomic limit U — oo

At half filling case, we have one electron at each lattice site exactly, whose energy is zero.
The ground state has large degeneracy. | 11 ...) all have the same energy.

In this case, [H,n;] = 0 for each j, so that the eigenstates of H are also eigenstates of all
the individual number operators. The number operators also commute with each other, so
basic principles of quantum and statistical mechanics tell us we can consider each term in
H on its own. We thus arrive at a single site model which is very easily solved. (Since all

sites are independent, we drop the site index in this limit.)
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We have four possibilities corresponding to the site being empty |0) having a up fermion
or down spin fermion | 1 ({)), or being doubly occupied. | 1]). Each of these is an eigenstate
of H with eigenvalues U, 0, 0, respectively.

Interaction terms U

The presence of H 77, changes these simple results even at a mean-field level. We remind
that the mean-field approximation corresponds to neglecting the fluctuations around the
mean density. Such fluctuations are defined as Anine = Niao — (Tiao), 1-€., the difference
between the exact number operator 7;,, and the mean occupation number (7;,,). From
this relation, we get: Mjne = (Miao) + Aline. If we suppose homogeneity of the system, then

(Niao) 1s independent of the cell position R;, and we can drop the label i and write:

Riatfial = [Aftiat + (Rat)] - [Aftiay + (Ray)] (50)
= AﬁiaTAﬁiOQ + Z ﬁiao <ﬁa5'> v <ﬁaT> <ﬁa¢>

In a mean-field approximation we can neglect the first term of the previous equation,

quadratic in the fluctuations. This implies that ]:]U becomes:

ﬁgF:U Z Riag(Nag) — UNZ<”0<T><”O¢¢> (51)

[fe%e a
N g
Vv VvV

HU Ey

The second term Ey is a constant for given magnetic configuration and number of particles,
as it does not depend on creation or annihilation operators but only on their average values.
However, it must be integrated in the calculation of the magnetic phase diagram, as such a
term advantages paramagnetic configurations with respect to ferromagnetic and antiferro-
magnetic (Ey is negative and the product (na+)(na,), for fixed number of particles per site,
is maximum when (nq.+) = (na)).

By wusing the Fourier transform, the first term of becomes: Hy =
U N6 Cing = U Zgaa(na(?}étwé,;aa, diagonal in o. Therefore the energy per k-

k
point for a spin-o electron is obtained by diagonalizing the 2x2 matrix:

Ulniz)  tyg

52
vy Ulnag) (52)
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Where v; has been defined after . This Hamiltonian can be easily diagonalized analyti-

cally, as the associated eigenvalue problem leads to the second-order algebraic equation for

the eigenenergies 525:

&2 — e (U{nia) + Ulngs)) + U (nag) (nag) — )y = 0 (53)

The solutions of this second-order equation provide the mean-field band-energies per k-
point for a spin-o electron, once we add again the term Ey (divided by IV, because ¢, is the

energy per spin-o electron):

ct, = 0 (2ol ) (g o)+ ) ) )

+ %\/U2<<nla> ~ {maa))? + 1682 (cos [F - By 4 cos [ Bi5] )

U (L;(W) — U ({niy)(nay) + (nat)(nay))

4 %\/UZ((nh—,) ~ (naa))? + A()?

From the last line we see that H (J}/I F contributes to the total energy as a density-dependent
and spin-dependent (because of &) renormalization of the tight-binding energy 53%. This
double dependence on the density and on the spin is at the basis of the richness in the phase
diagram shown in figure [6] allowing to get paramagnetic (PM), ferromagnetic (FM) and
antiferromagnetic (AFM) phases.

Computational details.

In order to find the ground-state energy for a given magnetic configuration, we need to
employ a self-consistent scheme as, for a given spin o, the energy depends on the mean
occupation number of opposite spin, (faz), which in turns depends on the eigenvectors of
the energy matrix itself. As shown in figure 4] we therefore start from a given configuration
of input parameters, we follow steps 3, 4, 5 and 6, up to the self-consistency condition
expressed in frames 7 and 8, and finally move back to frame 2 or end to frame 9, depending
on whether the condition is not satisfied or satisfied, respectively. The condition is satisfied
when the output occupation number is the same as the input occupation number within a

threshold that we fixed to 107°.
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FIG. 4: Scheme of the self-consistent algorithm leading to the ground-state phase diagram of figure

[6l Equations are described in the text

In more details, we proceeded as follows: for practical reasons we found it simpler to
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numerically diagonalize the Hamiltonian of through the Lapack libraries (frame 3),
in order to determine eigenvalues 5]-0@) and eigenvectors |\Ifgg) =, Ai,o(E)|04E> (with
j =1,2). We actually work with the chemical potential in order to fix the particle density
aposteriori: H = H H— Y 0o Nias- The calculations performed in frames 4, 5 and 6 are
based on equations , and given below. The first of these equations expresses
the DOS per unit cell, p(¢):

p(e) = x5 D0 e = o) (59)

The Dirac delta function in is numerically calculated through a Gaussian function
whose broadening is optimized after a convergence study: if the width of the Gaussian is too
wide compared to the step between two energy points in €, the DOS is too smooth, whereas
if the width is too narrow, artificial oscillations appear. A more elegant approach might be
to use the Methfessel-Paxton method, usually implemented in more advanced packages for
electronic structure calculations.

As a second step we determine the chemical potential p by the implicit equation:

+o00 1
| ) e 0

Here 5 = 1/kgT is the Boltzmann factor and we have defined the total number of electrons
per unit cell: n, = ) (nq). Finally, the average number of particles per site o and per

spin ¢ at a given temperature 71" is given by:

o) = 5 3 142, (F)P

kj=1,2

1
= (57)
exp[f(gjo(k) — p)] +1
At finite temperature, the thermodynamic variable to minimize is of course not the total
energy, F, but the free energy, F' = F — T'S, what implies a calculation of the entropy of
the system, through the equation:
S(T) = —ka | dep{FEMIFE)] + (1= S nlt - 7o)} (59)
Here f(e) is the Fermi-Dirac distribution. However, in what follows, we are interested in
the ground-state phase diagram of the model, i.e., at 7" = 0. We minimized therefore the
total energy and used the parameter T' of equations and for convergence purposes

only. It is in fact common practice to use a Fermi-Dirac distribution, characterized by a
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parameter T different from zero, even in the T — 0 limit, in order to smooth the step
function that appears in equations and for T'= 0.

In general, we computed the total energy for each magnetic phase as a function of ¢/U.
A phase transition is then characterized by the crossing of two (or more) free-energy curves:
for example, we have represented the magnetic free energy as a function of ¢t/U in figure
for a specific occupation number (n = 0.8), in order to highlight a magnetic (AFM/FM)
transition. In this case the phase transition from AFM to FM phase is obtained at ¢t/U =
0.13, value at which the total FM energy becomes smaller than the AFM energy.

I ---- AF 30K
N — FM 30K

Free energy (t units)

: \
: \ ]
: N
: N
-2 : N
: N 4
: N
: N

0,1 0,12 0,14 0,16 0,18 0,2 0,22 0,24

FIG. 5: A phase transition occurs where magnetic-energy curves cross each other. For n=0.8
the system becomes ferromagnetic below ¢t/U = 0.13. We have chosen an inverse temperature

B~ 0.003 eV.
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Discussion of results: phase diagram.

In figure [0, we have drawn the band structures for both FM and AFM phases to highlight
the differences with the PM case. FM bands are shifted rigidly with respect to PM bands
by about £Udn, where én is half the spin unbalance (see below). AFM bands are instead
characterized by the opening of a gap that can be related to the difference U(|(n15)—(nas)|)
in . This gap leads to an insulating phase for n, = 2.0. It is important to notice that
such a gap is not related to a metal-insulator transition (MIT) of the Mott-Hubbard kind, as
it is not related to the electronic correlations (that are absent by definition in a mean-field
calculation), but to magnetism. This MIT is rather called Slater MIT, in honor of J.C.
Slater that foresaw it in 1951. In fact, differently from Mott that did not originally ascribed
his MIT to magnetic interactions, Slater thought that the origin of the metal-to- insulator
transition was determined by the onset of AFM long-range order, exactly as in the scheme
described in the present paper. Therefore a Slater insulator is characterized by a band gap
determined by a superlattice modulation of the magnetic periodicity. This is not the case
of a Mott insulator.

Our main result is the ground-state phase diagram, drawn in Figure [6] as a function
of the number of electrons per site and of ¢t/U. Such a phase diagram had been already
obtained in the literature in 1985 by Hirsch, though in a different context and without
providing all the details of the derivation that can be found here. As a general feature the
phase diagram shows a clear symmetry around half filling, i.e., one electron per site, where
antiferromagnetism is the lowest-energy configuration. This symmetry had to be expected,
since it is a symmetry of the Hubbard hamiltonian for nearest-neighbour hopping. Far from
half-filling, paramagnetism is advantaged by a high value of ¢/U, whereas a low value of
t/U leads instead to ferromagnetism. This tendency for the PM/FM phases can be easily
understood: the ground-state of n non-interacting electrons (U = 0) is PM because the
minimum-energy constraint in combination with the Pauli principle forces to fill all the
energy levels from the lowest (g,,) to the highest () with an equal number of /2 up and
n/2 down electrons. In the opposite extreme case, for U/t — oo, the system can gain energy
by a total magnetization (say, all electrons with spin up), in order to minimize the energy
term U(ny). In the intermediate ¢ /U cases, only the numerical study of equations , ,
(56)) and can provide us with the magnetic phase of the system.
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FIG. 6: Ground-state phase diagram of the Hubbard model on a square lattice as a function of
the ratio t/U and of the electron filling. The physical relevance of the curve tp(u) is detailed in
the text. We used an inverse-temperature value § = 0.03¢ in the equations. Band structure and
DOS for: (a) FM configuration: ¢t/U = 0.077 ; n. = 1.6 (n1y = noy = 0.8 and n;; = ng) = 0) and
(b) AFM configuration: t/U = 0.2 ; n, = 1.6 (n1y = ng) = 0.62 and n1 = nop = 0.18). In the FM
case the exchange splitting is 2Udn. In the AFM case a Slater gap appears, leading to an insulator
for n, = 2.0. The DOS has been obtained by modeling equation with a normalized Gaussian

of width 0.05 ¢ and with a 500 x 500 k-point grid.

There exists however a criterion that allows us to foresee the stability of the PM phase
versus the FM phase just on the base of the two parameters U and p(u), the DOS at the
Fermi energy (e = p at T'=0). This is Stoner criterion. The mean field solution is found
by minimization, which gives the self-consistency equations Hyp = Y, [§x +U <n3)]c};ack0 +
const.. We obtain at zero temperature. (ng) = fOEF p(E)dE ~ [dEVE = EY* ~ k3,

where the fermi momentum is determined by h?k%_/2m + U{ng) = p. Thus, we have
B2 ()2 2m 4 Uy = 1, B3y f2m + Ulng) = (59)

The solutions have three different regime depending on U: normal state ((ny) = (n})),
partial magnetism ((ny) < (n,)), and ferromagnetism ((n+) =0, (n;) = 1)

The original Stoner criterion for ferromagnetic stability is:

Up(p) > 1 (60)
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Equation (60| can also be written as £ < tp(u). The corresponding equality, that marks
the phase transition, has been reproduced in figure [6 All our calculated points for the
PM/FM transition lie on the theoretical curve % = tp(p) represented by a dotted line in
Figure [f, We infer from the Stoner criterion that a ferromagnetic instability is expected in
materials showing a high density of states at Fermi level. This is indeed the case for Fe,
Co and Ni. It is also possible to find a similar criterion for the AFM/PM and AFM/FM
transitions, but its derivation is technically more involved because it is based on a Bogoliubov
transformation. This leads to a gap-equation formally equivalent to the one of the BCS

theory of superconductivity.

.7

¥ 8¢ ~ dn/p(w)

& » & »
Y > Y L

p4(e) (a) Py p4(e) (b) p,(e)

FIG. 7: (a) If n < n spin-down electrons are moved to spin-up DOS, for U = 0, this leads to a
shift of the chemical potential +de ~ +dn/p(n): PM state is always favored. (b) If U # 0, then
spin-up DOS is lowered in enegy by —Udn + U(6n)?/n and spin down DOS is raised in energy by
Udn + U(dn)?/n. Therefore, depending on p(u), FM stability can be obtained for sufficiently high

U (see text).

Generalizations and conclusion.

In the previous section we have analyzed formalism and phase diagram of the one-band
Hubbard model on a square lattice in the mean-field approximation. For completeness, in

this section we give a brief overview of four possible generalizations of the model to provide
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the link to the more advanced literature, with applications to real materials.

The first modification that can be dealt with concerns the application to a different
lattice. This primarily leads to a different DOS than the one shown in figure, thereby
modifying quantitatively, but not necessarily qualitatively, the phase diagram. The fact
that quantitative changes in the DOS do not necessarily imply qualitative (topological)
modifications of the phase diagram. Qualitatively similar behavior is also obtained in all
cases where bipartite lattices are considered, as the honeycomb lattice. We remind that
a lattice is called bipartite if two atoms of kinds A and B can be accommodated in it in
such a way that any atom of kind A is only surrounded by atoms of kind B and vice-versa.
On the contrary, qualitatively and quantitatively different results are obtained in the case
of frustrated lattices, like the triangular lattice. This is the case because antiferromagnetic
interactions can be depleted by geometrical frustrations and paramagnetism is generally
advantaged in lattices that are not bipartite.

As a second modification, it is possible to extend the hopping term beyond nearest
neighbours. For example next-nearest-neighbour hopping is not necessarily zero as supposed
in the present paper. In the square lattice such a term corresponds to an hopping integral
between the two atoms along the directions of 51 and 52 of figure . The effect of this term in
the DOS of a square lattice is to remove the nesting property of Fermi surface at half filling.
For a 2-dimensional square lattice such a calculation in the mean-field approximation has
been performed, who indeed found a deformed phase diagram with respect to that of figure
[6) without the symmetry around half-filling.

In third place, instead of 2-dimensional systems we could move to 3-dimensional lattices.
In the case of a cubic lattice, for example, this leads to the removal of the van Hove sin-
gularity, determined by the 2-dimensional square-lattice topology with nearest neighbours,
and therefore to the removal of the logarithmic singularity at half-filling in the DOS. All
these modifications can of course be combined together, to get a final phase diagram that
can be substantially different from the one presented in this paper even in the mean-field
approximation.

One final modification that applies to realistic systems, is to introduce multi-orbital
Hubbard models and/or multi-band Hubbard models. Models where d or f orbitals are
introduced belong to the first kind. In this case a further index m up to 5 for d orbitals and

up to 7 for f orbitals must be introduced to deal with electron creation and annihilation
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operators for different wave-functions (e.g., dyy, dy=, d,2_,2, etc.). Hopping terms are then
modified in a similar way as when we moved from (1) to (4). However, the extra labels, «,
o/ in (4) and m, m’ in below have different physical interpretations, m, m’ representing
two different d or f (or sometimes p) orbitals on the same atom. The multiorbital Hubbard

hamiltonian is:

o § mm’ st 4 2 : mm’ ~ ~
H = tij Cz‘mgcjm’o + U NimoTim/ o’

igmm’o imm/oo’
R A st
+ I (el i ot — € Cimy € i) (61)
m#m/

It is important to underline that in this case, several intra-atomic Coulomb terms ap-
pear, depending on whether intra-orbital (U™, with m = m/) or inter-orbital (U™, with
m # m') Coulomb repulsion is concerned. Moreover, because of the multi-dimensional or-
bital degree of freedom, also Hund’s exchange J appears, for m # m/. Interestingly, this
implies the appearence of an exchange term in the mean-field approximation: the Hartree
approximation of this paper would become an Hartree-Fock approximation.

Finally, multi-band Hubbard models are those where several atomic species are present,
not all necessarily characterized by the same Hubbard U (that can also be zero in some
cases). Probably the most famous of this kind are the Anderson periodic model, used to
describe the interaction of a localised electron (e.g. an f electron) with a 'Fermi sea’, or
the pd-model used to describe CuOs-planes in superconducting cuprates, where 2 kinds of
p bands and 1 d band are introduced.

This rapid oveview shows the potential applications that the generalisation of a simple
mean-field solution of the Hubbard model can have. We would like to stress, again, that
many of these generalisations are not just academic exercises and can bring the interested
student very close to real researches in condensed-matter physics. At the same time, based
on our experience, we found out that the calculations and the physical concepts presented
in this paper are in average understood by graduate students. Last but not least, the self-
consistent numerical procedure used in section 4 to diagonalise the hamiltonian and find
the phase diagram can represent a useful tool for students to make the link between formal

implicit formulas and the way useful figures have to be derived.
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APPLICATION: TWISTED GRAPHENE/TMD SYSTEMS

Previously, we mainly focus on the single orbital /band calculation for simplicity. But in
many cases the physical problems are complex which involve many orbitals/bands. Here we
would like to discuss such a case.

Recently, motivated by the experimental progresses in twisted graphene and TMD (e.g.
MoTe2), it is very popular to theoretically study using the Hartee-Fock approximation. Here
we just briefly discuss it.

The low energy physics of a single particle(electron /hole) near the single-layer K valley
in the twisted graphene/MoTe, can be described by the continuum model

= Z hngkczj:]"g,kd\n,o',k) (62)

n,o,k

djwk creates a hole in the Bloch eigenstate of h,, with subband index n, spin/valley o and
momentum k in the moiré Brillouin zone (BZ). It is stress that, the physics in the moiré BZ

is related to the original BZ as
nok—ZUaGn ak—',—G (63)

where the momentum of ¢" operator is defined in the original (BZ) of the graphene/TMD
while the momentum of the operator d! is defined in the moiré BZ (mBZ) (see the discussion
before), with the periodic boundary condition d,c LG dL ., and denote d{k +Ghn dL .

is the sublattice index, G is the reciprical vector. The wave function reads

Zuacn e kS (64)

Next we define 12:1,12:2,q € BZ and ki, ks, k3, ks, q € mBZ, satisfing k. = ki + Gy,
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ky = ks + G5 and § = g + G. The two-body interaction reads

rrint NI s LA L
H _2]\/' Z Z Vaa/ ak1+qca k2 C /7’@20&,’61

ad’ k1kog

=oN E Oks+Gak1+G1+(q+Q)Oks+Gs kot Ga—(q+Q) X
s aa’,k1_4,G1_4,n1_4

* 7t * 7t 7 7
Vaa’(q + Q)ua7k4+G4;n4dk4;n4uo/7k3+G3;n3 dkg;n3ua/7k2+a2§n2 dkz;nzua7k1+G1;n1dk1;n1

=5N E iy Doy Gy E OkstGa k1 +G1+(q+Q) Ok +Gs kot Ga—(q+Q)

s k1—47n1—4 [e76 ,G1,4
* *
Vaa’(q + Q)U’a,k4+G4;n4ua’,k3—|—G3;ngua/7k2+G2§n2ua)kl+G1an

:2N Z dk4 M4 k3 'n,gdk2 ngdkl ni Vn4n3n2n1 (k17 k27 k37 k4)

k1-4,m1-4

where

Vn4n3n2n1 (kh k2a k37 k4 E 5k4+G4,k1+G1+(tI+Q 6k5+G5,k2+G2 (a+Q)
ac’,G1_4

* *
Vaa’(q + Q)“a,k:4+G4;n4 ua’,k3+G3;n3U’C¥',k2+G2;”2 ua,k1+G1;n1
(66)

In Hartee-Fock approximation, only items satisfying og, k,0k, ks = 1 O Ok ksOky ey = 1 dO

matter. For both of two cases, G4, = G1 + Q,G3 = G5 — Q. This leads to

Vn4n3n2n1 (k17 k27 k37 k4) = E 5](:4,kl+q§k3,k27q6G4,G1+Q5G3,G27Q
aa,7G1—47Q

* *
Voo (q + Q)ua,k4 +Gana ol kg+Gzing Wa! ka+Gamo Ua k1 +G1ing

Z 5k4,k1+q5k37k2 oeoz (q + Q)

aa,Q
* *
E : 5G4,G1+Qua,k4+G4;n4ua,lirGl;m E : 6G3,G2*Qua’,k3+G3;n3ua’,k2+G2;n2
G1,G4 G2,G3
a/
§ : Ok oy +g0ks bz —q Vaor (4 + Q)A Q,k4,k1;n4,n1A—Q,k3,k2m3,n2
ao,Q
(67)
where
p = ) u’ u
Q.k4,k1;n4,m1 G4,G1+Q a,ks+Gaing a,k1+G13m
G1,Gy
(68)

Oé, _ *
A—Q,kg,,kg;ng,ng - E : 5G37G2_Quo/,k3+G3;n3ua/7k2+G2;n2
G2,G3
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In calculation, if V'(q) does not relay on «, we denote

Viananan, (kla ks, ks, k4) = Z 5k4,k1+q5k3,k2—qv(q + Q)AQ,k4,k1;n4,n1A—Q,kg,,kg;ng,ng (69)

Q
where
A = ) ur U
Q.ky,k15m4,n1 G1,G1+Q Y0 ky+Gying Yo, k1+G15n
G17G4za
(70)
_ *
A—Q7k3,k2;n3,n2 - E 5G3,G2—Qua’,k3+G3;n3uoc’7k2+G2;n2
G2,G3,0’
satisfying
Akamkl;nmm - E 5G2 G1+Q E :ua kot-Gaoing Ua k1 +G1ina (71)
G1,G2

[,l' layer, , o’ sublattice in multilayer graphene/tMoTe2.
Next we denote the single-particle density matrix as pp,n, (k) = dL n2dk;n1. We assume
that the system is homogeneous: (dL2 n2dk1;n1> = <dL2;n2dk1;m>5k2,k1 = Pngny (K1) ks ks -

Recalling the Hartee-Fock approximation
AB~<A>B+A<B>—-<A><B>, (72)

we get

HH 2N Z Z Vn4n5n2n1 <k1’ k2’ k3’ k4)d;£:4 n4dk3;n3 dkz;nz Czkum

k1_4 ninongng

2N Z Z Vn4n3n2n1 (kb k27 k37 k4)dk: ngdkz,RQd;rc4 n4dk1;n1

k14 nimangng

2N n4anznony (kh kiz, k37 k4)

k1_4 ninangna

|:<d1l;:3 ns dk2§n2 >dk4;n4 dkl U + dLg;’ng dk2§n2 <dL4;n4 dkl ;7L1> - <dL3;n3 dk2§n2> <dL4;n4 dkl 1 >:|

:W Z Z Viansnan (kh ks, ks, k4)

k1_4 ninangng

[pm,nz <k2)5k2,k3d};4;n4 dkl;nl + dLg;ngdkz;nzpm,m (kl)5k1,k4 — Png,ng (k2)5k2,k3pn4,n1 <k1)5k1,k4]

5kzz k> Oks+Gi ko +Go—(q+Q)s Oka+ G, k1 +G1+(q+Q) = 0g,0, Okey ks

Z Z Vn4n3n2n1 kh k27 k3 k27 k4 - kl)

kl k}z ninanzng

[png,m (kQ)dkl;n4 dklml + CZLQ;ng dkz;m Prani (kl) — Pnsz,no (k:?)pml,m (kl)]
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N 1 A A A A
" :W Z Z Vn4n3n2n1 (kl’ kg, k37 k4)d1l;:4;n4dz:3;n3 dk2;n2 dkum

kl 4 M1IM2N3NY

= Z Z Vn4n3n2n1 (k]-? k27 k37 k4)dk ng dkg ngd-i];:s ngdk1§n1

5 k1_4 ninanang

=T 2N Z Z Viangnam (K1, K, k3, ky)

k14 ningngng

|:<d;[c4 R dk2~n2>dk3.n3dk1'n1 + d}; ;n4dk2;n2 <d1,;3;n3dk1;n1> - <d;[64;n4dk2§n2><d};3;n3dk1;n1>}

Z Z Vn4n3n2n1 kl, kQ, kg, kj4)

5 k1_4 ninangng

[pnz;,nz(k2)5k4,k2d23;n3dk1;n1 + d;rc4;n4dk2;n2pns,n1 (k1)5k37k1 — Pnano (k2)5k47k2pn37n1 (k1)5k3,k1:|
(5’64 ko> 5k3+G3 k2+G2—(g+Q)> 5k4+G4 k1+Gi1+(g+Q) = (5k17k3

Z Z Vn4n3n2n1 kb k27 k3 kla k4 - k2)

5 kyka ninangng

|:pn4,n2 (k2)dk1;n3 dkl;”l + CiLg;n4czk2;n2pn3,n1 (kl) — Prang <k2>pn3,n1 <k1>
(74)

Note for either ky = k3, k1 = ky, or ky = ks, ky = k4, one have Gy + Gy = G5 + Gy4.

The mean-field Hamiltonian becomes:
HMY = ho + hyp — E. (75)

where

DN

5 kikg ninongng

Vn4n3n2m (klv kQa k3 = k27 k4 = kl) [pm,nz (kQ) |:de]

ng,n1

(k1) + Pran (kl)dLQ;ngdk2§n2:|

- Vn4"3n2”1 (kl’ k2’ k3 kl? k4 - kQ) |::0n4,n2 (kQ)d;[cl;n3CZk1;n1 + CZjlfcg;714Czk:Q;nQpngJu (kl)} }
(77)

and

E. =

Z Z { V"4”3"2n1 (kl’ k27 ks = k27 ky= kl)ﬂ”s n2 (k2)pn4 ny (kl)

k1k2 ningnang

2N
_V”4”3”2”1 (kl’ k2’ k3 = kl? ki = k2)pn4,n2<k2>pn3,m(kl)} (78>
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Next let us simplify the problem. 1) In two-body interaction, let us set ny = ny =

n,no = ny = m for the inter—band interaction:

H™ = 2N Z dk4 in k3 mdkz mdku nvnmmn(kb k2, ks, k4) (79)

ki_a,n,m

The mean-field Hamiltonian becomes:

HMY = ho + hyp — E, (80)
where
hHF 2N nmmn(kla k2> k3 k27 k4 kl) |:pm m(k2)dk ndkl n + Pn n(kl)dk md 3;
kiks nm
- Vnmmn(kh k27 k?) - kb k4 - k2) [pn,m(kQ)chl;mdkl;n + CZLQ;nCZkQ;mpm,
(82)
and
Ec 2N nmmn(kla k27 k3 k27 k4 kl)pm m(kZ)pn n(k:1> (83)

k1ko nmmn
_Vnmmn(kla k27 k3 - kl; k4 - k2)pn,m(k2)pm,n(k1>} (84)
2) In two-body interaction, let us set ny = n3 = n,ny = ngy = m for the inter-band

interaction:

[f[int Z dk4 - k3 ndk? mdk1 nvmnmn(kla k27 k37 k4) (85)

k1 4,m,m

The mean-field Hamiltonian becomes:

HMF = ho + hyp — E, (86)
where
hir = 5 Z > {Vinnmn (K1, ko ks = ko, ky = k) {pn,m(m)d;,mdkl,n + P (1 )d,,. i)
k1k2 nm
- anmn(kh kg, k3 - kla k4 - k2> |:pm,m<k2>CZLI;nczk1;n + CZJ];Q;mCZkQ;mpn,
(87)
and
c Z Z { anmn kl; k27 k3 k27 k4 - kl)pm,n(kZ)pn,m<k1> (88)

kl k2 nmmn

_anmn(kla k27 k3 - k17 k4 = kQ)pm,m(kQ)pn,n(k1>} (89)
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HOMEWORK

1. Let us introduce the pair correlation function g(r9, ;) which is defined as the normal-
ized probability of finding an electron at position r; given that, at the same time, there is
another electron at position 7, i.e.

1

70T = i)

(Dl —r:)d(ra —r3) (90)

i#]

where the angular brackets denote here the average in the ground-state. Please calculate
the pair function for weakly-interacting electrons in the framework of Hartee-Fock approx-
imation. The noninteracting pair correlation This calculation will help you understand the

picture of “exchange hole”.
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