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In this chapter, we will consider superconductivity and related BCS theory. The era of
superconductivity started in 1911. Yet there was no microscopic understanding of the effect
until 1957 when Bardeen, Cooper and Schrieffer produced what still remains the theory of
superconductors.

First, let us briefly review the experimental features. There are two main features: zero
resistance and Meissner effect. Zero resistance in the transport measurement is easy to
understand. In 1933 Meissner and Ochsenfeld discovered that weak magnetic fields are ex-
pelled by superconductors. This perfect diamagnetism, now known as the Meissner effect.
If a sufficiently strong magnetic field is applied, the superconductivity is partially or com-
pletely destroyed. In so-called type-I superconductors, fields exceeding the thermodynamic
critical field H.(T') completely destroy the superconductivity. Type-II superconductors be-
have somewhat differently. They also exhibit perfect diamagnetism up to a critical field
H.(T), known as the lower critical field. Above this field the magnetization decreases con-
tinuously rather than suddenly. Magnetic flux begins to penetrate the sample (producing
what is known as the “mixed state”), but does not destroy the superconducting state until
the so-called upper critical field H.o(T") has been reached. The way that the sample excludes
the magnetic flux is to generate currents at the surface which produce an opposing magnetic
flux. The flux density does not fall to zero discontinuously inside the superconductor since
this would require infinite current density on the surface. Rather the magnetic flux density
goes to zero exponentially with a characteristic length A known as the penetration depth.

Next we can outline several key points to understand the physics of superconductivity
from the theoretical viewpoint. The first step is, two electrons form the so-called cooper
pair, driving by some kind of attractive interaction. Then, a superconductor can roughly be
described as a superfluid (roughly a Bose-Einstein condensate) of cooper pairs (charge-2e

bosons).

COOPER PAIR

Given a very weak attractive potential in D dimensions, does there exist a bound state?
Let us explore this question, following the study of Cooper in 1956.
Suppose we start with a Fermi sea and we add two electrons. These two electrons can only

be added above the fermi wavevector kr. The important point is we consider the attractive



interaction between two electrons:
_ E : + +
Hip ==V Ch14q,01Chko—q,00 Ch2,02Ch1 01 (1)
q,k1,k2,01,02

The appearance of attractive interaction is highly nontrivial. We will discuss that later.
For simplicity, we take two spin antiparallel to each other, and their momentum are

opposite to each other (¢ = 2kr). The hamiltonian should be
Hepp= Z En(cfer+cey) =V Z chet e ke (2)
k ke k' >k
Let us write an appropriate trial bound state for the two added electrons
P = Z a(k)eict | F > (3)
k>kp

where |F' > is the filled Fermi surface state.

The energy of these two electrons is

Ela) =2 Elak)P =V ) o (K)a(k) (4)

k>kp kK >kp

To minimize a(k) gives the lowest energy E. Since the wave function should be normalized,

we need to introduce this condition to the energy functional:

Ela) =23 Elak)P =V Y o (K)a(k) + A1~ la(k)]) ()

k>kp kk'>kp k
oFE
5[“] = 0= (2B, — Na(k) =V Y a(k) (6)
“ K >kp
This equation gives
VZk/>kF a(k:’)
1
k>kp

For V' > 0 (related to the attractive interaction), there is a solution for A.

We take some approximations here, see below.
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so we have

27 — A —2A
S (10)
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Next from (2E), — Na(k) =V >, a(k’), we obtain

A=2> Elak))* -V Y  a'(ka(k)=E (11)

kK >kp
So we have

—2A D(Ep)V<1 1
F=—1f—— = —2A —_—
*Pl-pEy

— <0 (12)
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In conclusion, in the presence of a Fermi sea an arbitrarily weak attractive potential will

form a bound state! The key here is that the Pauli exclusion principle facilitates electron
binding.

Here there are several remarks. 1) No matter how weak the interaction is, the bound state

is formed. 2) We assume the the fermi surface is stable, and only consider two electrons

above the Fermi level. But this conclusion implies that the Fermi surface is not stable,

it has instability toward superconductivity. 3) exp(— ol . means that this is not an

D)

perturbative solution. One cannot solve this problem within perturbation calculation.

MECHANISM OF ATTRACTION

In the strongly-correlated systems, the replusive interaction is usual but the attractive
interaction is rare. The reason is discussed in the Chap 1, where the Coulomb interaction
between electrons always replusive (they have the same electric charge ).

We can think about other mechanism for attractive interaction. The electron-phonon
interaction is one of the possibility. Electrons coupled with lattice vibration could give an
attractive interaction. And the net interaction, combining both electron-electron replusive
interaction and electron-phonon attractive interaction, could be attractive in some limit.

The detailed analysis will be left for the future studies.



Let us write a simple model of electrons and phonons
H = Hy+ H,

Hy, = g Exclfa+ E Waly ax
k q

H, = z:[]\/.I'clzqcka;r + h.c.] (13)

ak
where Hj is the Hamiltonian for uncoupled phonons and electrons and H; includes the small
coupling between the two. Here we assume Einstein phonons (with polarization indices
suppressed). M is an interaction matrix element between electron and phonon and we will
take it as a constant for simplicity. The physics here is that any charge density that builds
up is able to couple to phonons.

The Hamiltonian H = Hy+ H; is a complicated interacting Hamiltonian, and is generally
difficult to solve. However, we can take advantage of the fact that the coupling constant M
is small. This enables us to work perturbatively in this parameter. Our idea is to remove
the phonons from consideration and determine what the effective interaction is between
electrons. This is known as “integrating out” the phonons. To do this we make a canonical

transformation on our Hamiltoninan

1
Heff:e*SHeS:HJr[H,S]+§[[H,S],S]+... (14)
The idea is to choose S so that the electron part of the Hamiltonian becomes completely
decoupled from the phonons (at the price of introducing an effective interaction between the
electrons). We can make this decoupling order by order in the small parameter M, where
Hy is order M and we assume that S is also order M (since if M is zero, we are decoupled

with S = 0 also). Let us rewrite the series, order by order in the small parameter

Hepp = (Ho) + (Hy + [Ho, S]) + ([H1, 5]+ %[[Ho, ST, S]) + - (15)

where each set of terms in parenthesis () are of the same order. Let us choose S so as to

eliminate the first order term
Hy + [Hy, S| = 0 — (n|Hi|m) = —(n|[Hy, S]|m) = —(E,, — Ey){n|S|m) (16)
Plugging this back into the expansion we get

1
Heff:H0+§[H1,S]+ (17)



We have thus eliminated the coupling between electrons and phonons at first order, leaving
only the second order term.

We now want to figure out what H.;s does to make an effective interaction between
electrons. Let us consider two states |a(b)) without phonons excited and the transited

intermediated state |¢) with one phonon excitation:
@) = &y Cpyal F'S), b)) = ¢y |F'S), ) = ¢ _yca|FS) (18)

We are interested in finding the effective interaction matrix element

= alltn, S = 5 S lalEhl)(elS1) — (alS1e) (el 20 1)

1 1 1
= 3 SNl g + 5]

1 1 1
~ = H Hi|b
3 LNl A e~ + ]

= S al B o) (el ) (19)

c q

where we assume the energies are
Ec = hwq + Ek:—q + Ep, Eb = Ek + Ep, Ea = Ek—q + Ep+q (20)

Now if the energy differences between the fermion states are small compared to hw! then

the interaction is attractive. Writtern in the operator form is

|M|?
Hepp=— " Z chcZ,_qck/ck (21)

k. q
THE BCS THEORY

We have discussed that the Cooper pair will form due to the attractive interaction. Next

we can assume the order parameter of superconducitivity is non-zero:
Ag = (0|¢f ¢t ]0)y £ 0 (22)

Next we will use the mean-field method again:



So the mean-field hamiltonian becomes (A =, Ay)

H =~ ZEk(c;ck +ctiek) VZ coperlei ¢ ) 4 ehet(eoker) — (corer) (cf ety)]
k k!

= Z Ep(cfer + o) — A Z(ﬁcﬁk +c_pep) + AV (24)
k k
This model can be solved by the Bogoliubov transformation. And the result is

H=E,0)+ > &(ogar+aloy) (25)
k

0) =2 Ewp — 20 wpvp+ AV =D (B — &)+ AV (26)
k k k

where uf = £(1+ %),U,% =1(1- %), & = /A% + Ef and

ay = uped — vge_g (27)

Qg = uc, — vget, (28)

is the (Bogoliubov) quasiparticle creation and annihilation operator. To see its physical
meaning, we can check the case of A =0,
b 1,]€>k’p 1 b 0,k5>k’F

1
Ui_ (1+_): 7UZ:_(1__—

(29)
Sk 0.k < kp Sk 1k < kp

is just the Fermi distribution for electron (u;) and hole (vg). So we have a; creates particles

like

¢y, k > kp(create an electron below Fermi level)
af = upel — ey = (30)
k k% kC—k )
c_i,k < kp(create a hole below Fermi level)

¢k, k > kp(annihilate an electron above Fermi level)
Q= uRCE — URCT, = (31)

¢’k < kr(annihilate a hole below Fermi level)

For the case of A # 0, ug, vy, are nonzero above and below the Fermi level. a™, o represents

a combination of electron and hole.



Bogoliubov Transformation
In theoretical physics, the Bogoliubov transformation, named after Nikolay Bo-
golyubov, is a unitary transformation from a unitary representation of some canonical
commutation relation algebra or canonical anticommutation relation algebra into another
unitary representation, induced by an isomorphism of the commutation relation algebra.
The Bogoliubov transformation is often used to diagonalize Hamiltonians, which yields
the steady-state solutions of the corresponding Schrodinger equation. The solutions
of BCS theory in a homogeneous system, for example, are found using a Bogoliubov
transformation. The Bogoliubov transformation is also important for understanding
the Unruh effect, Hawking radiation, pairing effects in nuclear physics, and many other
topics.
Boson.— Consider the canonical commutation relation for bosonic creation and

annihilation operators in the harmonic basis

[a,a'] =1 (32)

Define a new pair of operators
b = ua+ val (33)
ot = wal +vra (34)

where the latter is the hermitian conjugate of the first.
The Bogoliubov transformation is the canonical transformation mapping the operators
a and a' to b and bf. To find the conditions on the constants u and v such that the

transformation is canonical, the commutator is evaluated,
0,07 = [ua + val, u*afv*a) = (Jul® — [v]})[a,af] = 1 (35)

It is then evident that |u|> — |v|*> = 1 is the condition for which the transformation is
canonical. We can choose u = €®1coshf and v = €2 sinhf.

Fermion.— For the anticommutation relation,

{a,a"} =1 (36)




the same transformation with v and v becomes
{6,067} = {ua +va', w*afvra} = (Ju)® + [v*){a,a'} =1 (37)

To make the transformation canonical, © and v can be parameterized as u = €**'cosf
and v = e"2s5inf
Application to the BCS-type Hamiltonian

Consider for fermion operators the Hamiltonian
H = e(cler + chey) + (el + Nepen) (38)

which arises in the BCS theory of superconductivity. Note that the opposite ordering of

labels in the terms c§c£ and cycy, which is also a requirement of Hermiticity.

The fermionic Bogoliubov transformation is

= udl + vdy

cg = ud; — vdy
where v and v are c-numbers. The requirement of commutation relation is
{cl e} = {ud] + vdy, udy + v*di} = [u*{d], i} + [v]*{da, d}} = |uf® + [ =1 (39)
and so we must require |u|? + |v|? = 1, suggesting the parameter u = /2 cosf, v =
e""/25in g.
The remaining step is to substitute H for ¢’ and ¢ in terms of d' and d, and pick

so that terms in did; + dsdy have vanishing coefficient. The calculation is clearest when

it is set out using matrix notation. First, we can write H as

€ A 0 0 C1

C N — 0 0 ch
<C1 cy Cy cl> +e€ (40)
0 0 € - Co

0 0 —\ —e o

H =

N[ —

where we have used the anticommutator to make substitutions of the type cfc = 1 — ccf.
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For conciseness, consider just the upper block

=<d§ d2> u —v* € A T dy

v ou* ' —e —v U d;

elul?* — Auv — M u*v* — elv]?  euv* + Au? — N (v*)? + euv*

eu v + N (u*)? — M? + eutv —elul® + Auv + N utv* + €|v)?
We require that
euv® + Mu® — N\ (v*)? + euwv* = 0
elul* — Muv — Nu*v* — ejv)* = €
We need some algothrim to get 6:
€cos0sinfe'® + X cos® fe'® — \* sin? 0e'® + € cos O sin fe'® = 0

ccosfsinh + Acos? @ — N\ sin? +ecosfsinh =0

— tan20 = —\/e

thus

1 € 1 €
oot = ()

2( Ve + N2 2 \Ve2 4+ \2
and

€= —Vez 4+ A2

Including the other 2 x 2 block of H, we conclude that

H = &(d\dy + didy) — &+ ¢

(45)




FIG. 1: The energy dispersion of Bogoliubov quasiparticles.
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FIG. 2: The function v} as a function energy.

Quasiparticle energy gap

The quasiparticle energy excitation gap

A=V Z(c_kck>

18

Vv
=V {(uwo—y — veoid)(upo + vay)) = V' e =

k

There are two solutions: One is trivial A = 0, the other one is

V 1
1:— —:V
DM e

= A~ 2A exp[—

DOV

A D(E)E
0 \/EQ—{—Az

11
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BCS ground state wave function

The ground state wave function is written as (cx|lvac >= 0 where |vac > is the vaccum

state for normal particles)
Mapa_g|vac) = i (upvy + vicd ¢y )|vac > (49)
This state satisfies with the condition that it vanishes when apply ay:
apllyaga_g|vac) = (apap)a_plipoa_g|vac) =0 (50)

since we have agoy, = 0 (ferminic relation {ay, oy} = 0).

Then we deal with the normalization:
< vac|lly (upvg + vic_geg) (ugvy, + vicy ¢t )vac >

= Hk(uiv,% + U;i) = Hkvi (51)

So we define the BCS wavefunction as

0 >= 0 (ugvy + vick et vac >= T (uy, + veef ¢} )|vac > (52)

KUk
Using the wave function, we can calculate the physical observations. For example, for

the density of electrons:
(0|cfer]0) = (0 (upast + via_g)(upay + vrat,)]0) = v7(0la_rat,|0) = v} (53)

So v? is the occupation probability of electrons. It drops from 1 to 0 around the Fermi

surface.

Supercurrent

Previous discussion only focus on the static case, i.e. the total momentum of Cooper pairs
are zero: K = k+(—k) = 0. Next we consider the non-equilibrium case just a little bit away
from the static case. Say we consider a small external electric field drifts the momentum of
Cooper pair to be k + dk and —k + dk, so the total momentum is 20k. This will produce

supercurrent, with current density

n 2hok nehdk
o= — (-2 - _ 4
J 2( e) 2m m (5 )
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Since this current is in superfluid phase, it flows without any dispassion. If the external
field is dropped, this supercurrent doesnot reduce, which persists in the superconducting
systems.

But the strength of supercurrent has a upper limit. Taking the kinetic energy of this
supercurrent as

_ nh*(0k)?

oF
2m

(55)

If this kinetic energy is larger than the condensation energy, ~ %D(O)AQ, the supercon-

ducting state is not stable. So we use this energy scale to estimate the upper limit of

D(0) A I
k| = /PO L e _mehg A (56)
n h m

So the supercurrent directly depends on superconducting gap. The physical meaning is that,

supercurrent,

if the energy is larger than A, the electron and hole quasiparticles will be formed, which

leads to finite resistivity and dispassion, killing the superconducting state.

Finite-temperature calculation

The direct measurement targeting the superconducting state in experiment is critical
temperature T, instead of A. So we need to calculate T,.. For T' > 0, we need to reconsider

the gap equatoin as

AT)=V Z(c,kck> =V Z((uka,k — v ) (upa + vraty))

= VY weon((axaty) = (afar) = V'Y wor(1 = (o yaty) — (o ai))

= V> upop(1 = 2£ (&) (57)
k
where & = /E? + A%(T). It leads to
VN 1o20(6) Vg tanh
1_2; €k _2§ &k (58)

Solving this equation self-consistently gives the dependence of gap A(T'), and the critical

temperature T, can be obtained also.
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FIG. 3: The dependence of superconducting gap on the temperature.

Experimental evidence

At last, how to verify the BCS theory in experiment? For conventional superconductors
(which includes the vast majority of supercondutors known), fortunately, there is quite a bit
of good evidence that it is the coupling to the phonons that is crucial. A very strong piece
of evidence comes from the so-called “isotope effect”. One considers different isotopes of the
same material, i.e., adding and subtracting a few neutrons from the nucleus of atoms. The
neutrons do nothing to the electronic properties of the material, or the band structure. The
only thing they do is to change the frequency of vibration of the atoms by changing their
masses. In these conventional superconductors it is usually found that the critical tempera-
ture for superconductivity scales as T, ~ M~% where M is the mass of the atomic nucleus,
where a = 0.5. The fact that the nuclear mass plays any role in the superconductivity is a

sure sign that phonons are crucial to the mechanism.

JOEPHEON JUNCTION

In earlier sections we have argued that superconductivity results from the existence of a
condensate. The Josephson effect is a remarkable manifestation of the existence of such a
condensate. Instead of developing a fully microscopic theory, in this section we present only

the minimal phenomenology needed to understand the Josephson effect.
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INSULATOR

SUPERCONDUCTOR
FIG. 4: A insulating layer separating two superconductors.

In order to analyze such a junction T'll call the amplitude to find an electron on one
side, 91, and the amplitude to find it on the other, 1)5. In the superconducting state the
wave function ¢, is the common wave function of all the electrons on one side, and 5 is
the corresponding function on the other side. I could do this problem for different kinds of
superconductors, but let us take a very simple situation in which the material is the same
on both sides so that the junction is symmetrical and simple. Also, for a moment let there

be no magnetic field. Then the two amplitudes should be related in the following way:

0

2% = U + Ky

0

2 = Uy + Ky (59)

The constant K is a characteristic of the junction, which is the coupling between the two
sides by the amplitude K that there may be leakage from one side to the other. Suppose
that we connect the two superconducting regions to the two terminals of a battery so that
there is a potential difference V' across the junction: U; — Uy = ¢V.

Importantly, we would write the condensate wavefunction as

Y1 = e, iy = /e (60)

which leads to

VI iy = iV i+ K fie 0 9) (61)
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Using the combination of complex conjugation, we have

2\/'71—1 = —iK (\/nae" @792 — | /npel®20)) = K\ /ny2sin(¢y — ) (62)
—n; = 2KV7’L17’L2 sin(¢2 — ¢1) (63)

Similarly we solve the n, dependence as

Ny = —2K\/ningsin(ps — ¢1) (64)

And we can solve the phase function as

b1 = —(eV 4+ K+/ng/ny cos(¢)) (65)
by = (eV — K/ny/ny cos(o)) (66)

Since the current is proportional to the change of charge, we have the AC josephson

current as (if ny = ny)

I(t) = Isin((1)), $(t) ~ 2¢V (t) (67)

THE BDG EQUATION

In the earlier sections, our study of superconductivity has mostly been based on the
BCS reduced Hamiltonian, which is formulated in momentum space, and relies heavily
on translation symmetry. Translation symmetry is sometimes broken, for example by the
presence of disorder, or (which is of particular interest) a magnetic field, and this renders
the momentum-space formulation much less useful. In this section we develop a formalism
(often associated with the names Bogoliubov and de Gennes, or BdG) that allows us to
study pairing and superconductivity in real space. Although this formalism was originally
formulated in the continuum, here we focus on lattice models instead for their simplicity,
and the continuum version can be reached by taking the continuum limit of a tight-binding
lattice.

Let us start with the hubbard model with attractive on-site interaction which could favor
the s-wave pairing;:

H= Z himglczocﬁ,/ - Uzni,¢ni,¢ (68)

io,jo’
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where fermion operators ¢;, satisfies the relationship

{6207 go } - 5 600’7 {0107 Cjo’ } =0= {Cw" ]a }

The interaction term is treated within mean-field level:

-U Z NN, = _UC;TC?;,TCZiCi,\L = _Ucz,\LCZ,TCi’Tc@\L
= —UlAu+ (ciqciy — D)][Af + (cf el — AF)]
~ —U“AuP —|— (C@TCZ’A( - A“)A* _|_ Au( ZiclT — A* )]
= U|Au|2 UA* CZ7TCZ>\|/ UA”CZ icl T

where we define the order parameter
Ay = {(circi ) Ar = (cT il )
i ,7C0,1/ i g
The hamiltonian becomes
H =" higjorc| ,¢i0 = U Y [Aficigciy + Nacl el ]+ U Y | A (69)
io,jo’ % 7
Next we get

[Cm, H] = Z hi¢7jg/Cj7g/ + UAiiC;u

J,o’

[Cigs H] =D higjorior = Ul
j7o—/
[l H] = — Z higjtcl , — UAgciy
le’ thgjiclo_—f-UA*ClT

With the help of Bogoliubov transformation

Cio = > _[ulbAn — ovir ] (70)
A;ra' = Z[ Z:fy;rl —O'Uw."}/n] (71)

, the hamiltonian becomes quadrutic term:

H=Y E’im (72)
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By inserting the Bogoliubov transformation into Eq. , we get
uph By, = Z hit jort + UAgv |
vE, = Z hitjor (—0" )0 + UAul;
ul B, = Z higjort o + UAU
v E, = Z hiyjor (0 )V + UA U

After solving the above equatlons, the self-consistency condition is calculated as

Ay = (eircin) = (D (Ui — vEADID (@i Am + v 451

= Z uﬁuﬁ&nﬁm - ZT zi, 7n7m + uﬁvﬁ*&n&;& R 1T uz¢7n7m>

= ZU?TUZ* At — ViUl (A A
=Zuﬁv;1* F(Ey)) — vl f(Ey) (73)

Aii = —(ciycip) = —<[Z(u?ﬁm + UZE*WL)][Z( Ui — v A])

n

= —Z[ ol f(Bn) — v ufi (1 — f(E))] (74)
= A; = 52[ Hoi + g v tanh( 5 ) (75)

n

where the Fermion-Dirac distribution is

1 8E,
E)) = f(- E,) =

For density operator,

Nie = (clyCio) = <[Z< Ak — ou A (A — oui A )]

m

= Z|“w| F(En) + Wip|*f (= En) (77)

SUMMARY

Here we try to introduce the microscopic theory of BCS superconductor and related BCS

theory. In a very short way, you can just take superconductor as “charged-2e superfluid”.
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I have to say, there are so many topics missing here, say Ginzberg-Landau effective theory,
London equation, Messiner effect, and Phase effecto of superconductor. It leaves for the
readers. In future, we will consider the superconducting theory from the perspective of field

theory.
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HOMEWORK

1. Calculate the condensation energy, due to the condensation of cooper pairs in a normal

metal.

[1] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957)
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