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HIGH-TC SUPERCONDUCTIVITY IN CUPRATES

Ever since the discovery of superconductivity in mercury (Hg) with a superconducting
transition temperature temperature of T, ~ 4.19K, physicists have never stopped looking for
superconductors with higher T,, in the hope of finding room-temperature superconductors
that could be used for lossless power transmission and many other applications. Progress
along this road was very slow for the first 75 years after the 1911 discovery; before 1986
the study of superconductivity were mainly limited to the simple metals, which can be
understood by the BCS theory as we introduced before. A breakthrough came in 1986,
when Bednorz and Miiller found superconductivity in Lay_,Ba,CuO4 with T, > 30 K. It was
found shortly afterwards that this is just one member of a family of copper-oxide compounds
obtained by doping the same parent compound, Lay_,M,CuQOy, with the dopant M being Ba,
Sr, or Ca. See Fig. (1| for their structures. In the years following this discovery by Bednorz
and Miiller, more copper-oxide compounds were found, with ever-increasing 7, (and also
greater complexity in their structures), including YBayCuzO; (7. ~ 92 K), the YBCO
family, BiySroCaCuyOg (1. ~ 89 K), and the BSCCO family, among others. The record
(at the time of writing) at ambient pressure is held by HgBayCasCu3Og, s, with T, = 135
K. All of these compounds share a common feature, namely they all contain copper-oxide
(CuOs) planes, which are widely believed to be responsible for the superconductivity as
well as many other important properties. These compounds are collectively known as high-
temperature cuprate superconductors, or simply cuprates. In the following we analyze the
(original) LaMCuO family (in particular LSCO, which is the most studied compound in this
family) in some detail due to its relatively simple structure, despite the modest T, ~ 39 K
for x = 0.15.

As the phase diagrams in Fig. [2| show, the superconducting state emerges near the an-
tiferromagnetic phase. In the yttrium — barium system the regions of antiferromagnetism
and superconductivity are adjacent, while in the lanthanum system the two are separated
by a region without long-range magnetic order but with strong quantum fluctuations. This
region became known as the spin-liquid region. Therefore, the ordinary interrelationship
between magnetic order and superconductivity: the two avoid each other. At the same
time, experiments in inelastic magnetic scattering of neutrons in the lanthanum and yt-

trium — barium systems indicate that there are strong magnetic fluctuations for a broad
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FIG. 1: Crystal structure of cuprate compounds.

range of doping levels outside the antiferromagnetic phase, a range that even penetrates the
superconducting-phase region. This, obviously, is an indication of how important antiferro-

magnetic fluctuations are in the mechanism of high-Tc superconductivity.

Analysis of orbitals

Let us start with the parent compound LayCuO4. Compared with other compounds,
it already has a fairly complicated structure. We start our analysis with individual atoms
(ions). Oxygen’s outer-shell electron configuration is 2s*2p?. As in most cases, here its
valence -2 leads to a closed-shell configuration 2s22p5 for O?~, which should be familiar
from chemistry. Lanthanum’s outer-shell electron configuration is 5d'6s?. It has valence
+3, meaning that it loses all of its outer-shell electrons, again resulting in a closed-shell
configuration for La?T. Simple electron counting finds that copper must have valence +2
here: Removing two electrons from its 3d!%4s! configuration results in 3d? for Cu?*. There
is thus a single hole in the copper ion’s 3d orbitals, and the system may be magnetic due to
its net spin. As we will see shortly, this is indeed the case.

Physical properties of the compound change dramatically when a small fraction of La
is replaced by Ba, Sr, or Ca. Let us analyse the effects of such doping. Ba, Sr, and Ca

are all alkali earth elements with valence +2. They thus each donate one electron fewer
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FIG. 2: Top:The blue circles are copper atoms, and red is oxygen. The black arrows indicate the
electron in the d orbital. The right part of the figure shows the reduction into a 2D t-J model.
Bottom: Phase diagram for hole-doped cuprate; right: Phase diagram for hole-doped and electron-

doped cuprate

than La does, and play a role very similar to that of acceptors in a semiconductor. As a
result, each such dopant contributes an additional hole to the CuO, planes, and dopes them
away from half-filling. Most cuprates can be hole-doped, but there are a few that can be
electron-doped. One example of such an electron-doped cuprate is Nds_,Ce,CuO,4. Nd has
valence +3; when it is replaced by the dopant Ce with valence 44, an additional electron
goes to the CuO, planes and annihilates an existing hole. Thus Ce plays a role similar to
that of a donor in a semiconductor.

At the local site, due to the symmetry reason, ty; and e, are splitting. 3d,., 3d,,, 3d,.
are all filled and below the fermi level. 3d” copper has 3d,2_,2 orbital close to the fermi level.
The case of a half-filled band leads to an insulator state with localized magnetic moments
(S = 1/2) corresponding to the d” state of the copper ions in the CuO, planes. Upon doping,

a fraction of the copper atoms lose one electron each, so that hole type charge carriers are
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FIG. 3: DFT band structure of LaCuQOy4. The fermi energy is set to be 0.

created. Strictly speaking, holes are created upon doping not only at copper atoms but also
at oxygen atoms. These holes form what is known as Zhang—Rice singlets centered at copper

sites.

Hubbard model

The Hubbard model has a relatively long history [J. Hubbard: Electron correlations in
narrow energy bands, Proc R. Soc. A, Vol. 276 No. 1365 (1963) 238-257; Proc R. Soc. A,
Vol. 277 No. 1369 (1964) 237-259]. Very early (in the 1950s) it was used by Pariser, Pople
and Parr for orbital calculations and to describe molecules in quantum chemistry. Variations
were used subsequently by P. Anderson and others in difierent contexts. The Hubbard model
in its modern form was systematically introduced independently by Gutzwiller, Hubbard and
Kanamory in the early 1960s. The aim was to study magnetism in transition metals. This
early work initiated a burst of activity in the fleld lasting until today. However, despite its
simplistic appearance, the Hubbard model is not fully understood yet. The Hubbard model
plays an extremely important role in the fleld of correlated lattice systems. We may call the
Hubbard model (with some exaggeration) the Standard Model of solid state physics. The
main reason of its popularity is the inclusion of electron correlation, its simplicity and the
rich physics contained in the model.

Consider the single-orbital Hubbard model, which introduces an energy cost U for double
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FIG. 4: Local orbitals in the CuQOs plane.

occupancy on a site, given by
H=—t) c cio+ UZ”iTnii- (1)
(6,3) i
where U is the local Coulomb interaction, czg creates (annihilates) an electron on site i
with spin 0. Motivated by the local interaction being a density-density interaction so that
particle number is a good quantum number for the interaction.

We see from the above discussion that each term of the Hubbard hamiltonian is very
simple: The hopping part has an itinerant electron ground state and the interaction part
has a localized ground state. However, the sum of these very simple parts is highly non-
trivial and very difficult to understand quantitatively. But we can be sure that the two

efiects (localize, delocalize) will compete with each other.



METHODOLOGY OF SLAVE-BOSON

Kotliar-Ruckenstein slave-boson theory introduces bosons to keep track of the occupation

of electrons on site i, i.e., it introduces an over-complete description of the states on site i,

given by
|€i> ~ é;'r|0i> (2)
|0:) ~ Bl,10:) (3)
|d;) ~ d}|0;) (4)

where the bosons é; , p; », and d; corresponds to an empty site, a site with one electron with
spin o, and a doubly occupied site respectively. Here |0;) is the vacuum on site i.
Introduction of the bosons enlarges the Hilbert space. The chosen basis that generates
the slave-boson Hilbert space is built from tensor products of a (quasi-)fermion Fock state
and a boson Fock state. In the enlarged Hilbert space there are nonphysical states that can

be eliminated by introducing the constraints

1 =eéle;+dld; + ﬁj,Tpi,T + ﬁhpm (5)

i = did; + ﬁz,gpi,a (6)

The first equation is a completeness relation to ensure there is exactly one boson per site, and
the second equation ensures that the correct boson corresponds with the (quasi-)fermions.
The constraints restrict the enlarged Hilbert space Hgp to the physical states in the Hilbert

space H. In the enlarged Hilbert space the physical electron has a representation
Cic = fia(é;'rﬁi,a +252T,_gdi) = fic%i (7)

Z; is the renormalization factor that ends up renormalizing the (quasi-)fermion f;, at the
mean field level. One can see that this representation is faithful for describing electrons
moving between sites i and j.

With the introduction of the slave-bosons, the local part has the representation

Uni7¢ni7¢ == UCZICZZ (8)



Hence, the single orbital Hubbard model in the enlarged Hilbert space HSB is given by
Hsp =Y 2z fl fio+Udld; + N (1 — éle; + dld: + pl pis + bl pi)
iJ,0

+ > NSl fio — didi — Bl pio) (9)

where A2 are Lagrange multipliers used to enforce the constraints.

Mean field approximation

A mean field approximation is done where the bosons take their average value over all sites
and the constraints are only enforced on average, i.e., the lattice is considered homogeneous
and the bosonic quantum operators condense to complex numbers (a real number in this

case),

(&) =e= 5 2:(é) (10)
(Pio) = Do = 3 2iPio) (11)
(di) = d = %3,(ds) (12)

where N is the number of sites on the lattice. Now the slave-bosons give the probability
of an electron configuration on the lattice, e.g., (dj d;) = d? gives the probability of double

occupancy on the lattice.

HY =" Zofl, fio+ NU — quJUfw+A1(1—e— - +ZA2 flolio—&

1,0
(13)
Z, is renormalization factor (the form will be specified later). Additionally, we have included

the chemical potential p to write H in the grand canonical ensemble.

By Fourier transformation, the mean field Hamiltonian becomes

HY = (Zoer + A2 = ) fl yfro + N[U = 2X°(d° +p°) + N (1 = d® — > — 2p°)] (14)

k,o

—p%)



Free-energy functional
Defining the renormalized band of quasiparticles as & , = Z,€,+A? — p and remembering
Ngo = f,I »Jro, the grand canonical partition function is given by
7 — TT[G—ﬁHggF] _ Tr[e_ﬁ Yo g,mnk,g6—5(NUd2—2>\2(d2+p2)+/\1(1—d2—62—2p2)] _ Zfe—ﬁ(NUdLQ/\?(d2+p2)+/\1(1—d2
(15)

where

Zf _ TT[e_’B ko Ek,ank,a] _ HTTG—B&,UW,U _ H(l + e—ﬂﬁk,a) (16)
ko ko

The corresponding grand potential functional is given by

0= 1 InZ = 1 IH[H(l + e Pk ) g AIN WA =223 (d4p*)+ (1-d*—e? —2p%))]

B

1
=3 Zln(l 4 e L UNA? + N[-20%(d? + p?) + N(1 — d® — * — 2p?)]
k,o

ko

The average energy is

oz 9B
o8 0B
1
= ka,am +UNd* + N[—2A2(d2 + 32) + )\1(1 —d?—e? = 2]92)]
k,o

(1) =

— Z Eronr(Ehe) + UNA® + N[—2X3(d* + p*) + M (1 — d* — e — 2p?))

k,o
Self-consistent equations

The self-consistent equations are
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FIG. 5: Slave-boson mean-field solution of the hubbard model.

8a(i>:0_)1_d2_62_2p220 (17)
k
%:0—>%Zekmk)?;—i+2Ud—4)\2d—2)\1d=0 (19)
k
%:0—)%%3%(%)6@—5—2)\16:0 (20)
%?:0%%;6“%@%—?—4)\217—4)\117:0 (21)
(22)

and the constrains that ), (ny) = n to determine the chemical potential p. The solution
are summarized in Figure [5) below. At the half filling case, an insulator appears instead of

a metal. Please also see the solution in the hartree-fock section.
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T-J MODEL ON SQUARE LATTICE

Derivation of t-J model

The Hubbard model, was devised first to describe the single-band magnetism, particularly
to understand the so-called itinerant (Stoner-Wolfharth) ferromagnetism and criterion of its
appearance in a microscopic manner. It is represented by the Hamiltonian, which in the

second-quantization representation has the form

H= th acwcja + h.c. + UZ”@T”% (23)

7.7

One can rewrite the dynamical processes contained in the hopping term as follows

C;‘racjd = Ia(l — Nz + nw)cja(l — Njs + nﬁ) (24)
= Ia(l - nic‘r)cja(l — Njs) + C o iz CjoNje (25)
+ el (1= niz)cjonjs + clyniscjo(1 — njs) (26)

The consecutive terms represent the four restricted types of hopping processes: the first hop-
ping from singly occupied site onto an empty one, the second hopping from singly occupied
site and formation of a doubly occupied one, etc.

Formally, one can write the full Hamiltonian as operating in four subspaces

H=> tyclcjo+U Z niniy, = PyHPy+ PyHPy + PyHPy + PyHPy — (27)

ij,o

PHP, = Z tzj (1 —niz)cjo (1 — njz) (28)
ij,0

PyHPy = Z tij wnﬁcjgnjg + Z Uniyniy (29)

ij,o i

PyHPy = tycl (1= nig)cjon;s (30)
ij,o

PyHP, = th ¢l NizCio (1 — njz) (31)
ij,0

Since every term contains process —t;;, it is convenient to define the operator

H = Hy+ eH, (32)
Hy= PyHPy+ PyHPy, H, = PyHPy + PyHP, (33)
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€ is to collect the terms of the same order.

The last nontrivial feature is to select the unitary transformation matrix, with the help
of which we remove part the hopping processes in the first order and replace them by virtual
processes exemplifying physical processes in higher order. For that purpose, we have also

proposed the following canonical transformation of the form

1 = S HES & Ho - c(Hy +ilHy, §) + 5 (il ) - [, 5].8) (34
The linear term is absent when
Hy +i[Hy, S] = 0. (35)
Under this condition, we obtain
- €2

H=e S He'™S ~ Hy + %[Hl, S] (36)

has to be solved for S. The main problem is that H is not diagonal. Explicitly, the above

vanishing condition gives

Po(Hy + i[Hy, S]) Py = 0 (37)
Po(H1+[H0,S])PN:Po[Ho,S]PN:O (38)
PN(H1 + [H07 S])P@ - PN[H(), S]PN - 0 (39)

Because of the property POZ( Ny = Povy, PovySPonvy = f (PD(N)) will satisfy the last two
equations and f(Pyn)) = a + bFPyw).

And the first equation becomes
—iPyH\Py + PhHyPyPySPy — PhySPyPyHoPy =0 (40)
By approximation (PyHyPy) ~ t and (PyHyPy) ~ U, we have
PySPy ~ iPyH,Pn/({(PoHoFPo) — (PvHoPy)) =~ —iPyH, Py /U (41)
Then, we obtain the effective Hamiltonian by projecting into two subspace:

H ~ PyHPy+ PyHPy (42)

?

P[)gp():po(Ho Q[Hl,S])POZP()HPO—P(]HPNPNHP()/U (43)

PyHPy = Py(Ho — %[Hl, S|)Py = PyHPy + PyHP,PyHPy /U (44)
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Finally, we can map out the form explicitly,

8 2t2.
PQHPO = ZtijCIO'(l - nig)cjg(l - njg) + Z UJ [Sz : Sj -
ij

13,0

1

where S;" = C;TTCi¢, S, = c;ricn, S = (ng —ngy) /2.

When we need to deal with the term PyH PyPyHPF,, first we recall PyHPyPyHP) =
Zija[cja(l — Niz)CioNjz] Do [Ch M Cny (1 — )] is zero when @ = n,j = m. Second,
> ja[cj»g(l — Nig)CioNjz] D nmwlChy Mz Cin (1 — Numi)| can be separated into two terms o = v

and o =7

_ i _ T _
— (o0 =v) CjoNjzCioMjz = CjoCiNia i = njz(1 — nj,)

—(oc=v)  (1=nz)ci(1—nz) = ni,(1—ng)

—

= [¢, (1 = niz)cjonjz] [C;angci,,(l = Nip)] = Nio(1 = niz)njz(1 — nje) = nisnjz
— (0 =7) ngnjﬁc;r'gnjcr = CjO'C}E<1 — Njg)Njo = _C;Ecj"
— (0 =7) Cj'-o'(l — Nz )Ciz (1 — nig) = Cjaciﬁ

= [el, (1 = niz)cjonsllel njpe (1 — nip)] = —cl cizclycie = —=SFS7 — S7SF

and we need

;M h &=
—5 o~ 2575) = mamny o+ nyngy (52)

Finally, let me first summarize the principal features of the so-called t-J model . This
model represents a very nontrivial model of strongly correlated fermions because of the

following principal reasons:

e [t represents a system of strongly inter-correlated itinerant fermions which transform
into an antiferromagnetic state of localized particles (the Mott-Hubbard insulator );
the classic situation takes place at the concentration of one fermion per single-band
state (at the half filling, n = 1). The half-filled state is an antiferromagnetic insulator

modeled by the Anderson kinetic exchange.

e The itinerant state is represented by particles called the correlated holes or simply the
holes in the Mott-Hubbard insulator, which do not have the ordinary fermion proper-
ties (their creation and annihilation operators do not obey the fermionic anticommu-
tation rules). In other words, they cannot be represented by Landau quasiparticles in

an exact manner, since they do not represent almost-filled band states.
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e Magnetic interaction between the correlated itinerant particles, again the kinetic ex-
change, is regarded also as the source of real-space pairing as it is represented as taking
place between the nearest neighbors. Hence, antiferromagnetism and this new type
of paired state must be regarded on equal footing with the paired state (resonance-
valence bond state or superconducting state). This is particularly relevant in the
context of high- temperature superconductivity near the band filling, i.e. close to the

Mott transition.

e Because of the nontrivial character of the kinetic- (or residual-band-) energy (the
projected hopping part ), it can become comparable or even smaller than the kinetic-
exchange-energy part. In effect, magnetic polaron or phase-separated states or new
type of spin-paired states can be formed, concomitantly with the transition to a local-
ized state for small carrier concentration of holes. Thus the transition in real systems
such as Lay_, Sr, CuOy , YBay Cuz Ogyy, La;_, Sr, TiOj3 , takes place even for a non-
half-filled band configuration. Although, here the role of atomic disorder is probably

also very important, if not crucial.

Cuperates are two dimensional, and can also be described by the t-J model. A cuprate
is a material that consists of copper-oxygen layers, which possess the property that the
copper d orbit is only singly occupied, whereas the oxygen p orbit is doubly occupied. The
electronic structure is shown in Figure 1, with to the right the simplification which is exactly
the two-dimensional t-J lattice, also called the one-band model. Cuprates are of scientific
interest because this group of materials is superconducting at higher temperatures then
classic superconducting materials. The driving force behind the phase diagram in figure 1 is
the strong correlation, where figure 1 shows the phase diagram of a hole-doped cuprate on the
left, the right hand side shows the same, but now for electron-doping. Given the importance
of the strong correlation, the t-J model is a natural fit to attempt to describe the dynamics
of this class of material. Since the t-J model is in the basis a relatively simple model, there
are multiple elaborations to be added, which turn out to be significant and capture some of

the interesting physics as already seen in the asymmetry of the phase diagram.
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Mean-field calculation

We consider the t-J model on square lattice, with Hamiltonian as

H = Ht—i-HS—i;nmj (53)

H = —t Z tljcwc]a (54)
(ij),0

Hy, =Y J;SI- S (55)

, where the spin operator is defined by

1

Si=(51,97,87) = (clyeiy. el cin, 5 (nig —niy)) (56)

REal

The Fourier transformation is useful in the following calcualtions:

1 2
Cio = —F— e’ .Tck,a (57>
R
1 IR
Cho = —— e e o 58
ho = g 2T (58)

The hopping term becomes

Hy=—t Yty cio =) enotl Cho (59)
(ij),0 k,o
where ¢j, , = —2(t, cos k, + t, cos k) (lattice constant a = 1). Here we used the relation

Z tij wcm by Z Z —ik-T ”ck e” chpg + (z —y)

(ij),o (ig).o

=t —ZZ FIPED Sy + (2 y)
=t Z Z’““”‘clo_clw+h.c.—I—(x—>y)

=1, Z 2 cos kmCLo-Ck,o + (z = y)

where the normailzation condition is + >, e F=P)T = § (k — p).

The spin correlation term becomes
H, = Z Jii SIS,
(i5)
Ly L4 L L l

1
_ T T T T T
= E Jil5 oG Tcz,icj WGt 2% 1Ci LG | Cit T+ 4Cz 1+CinCj 1 Ci T+ 401 16idCi4Cir T+ 4Cz +CipCiaCig + o 1 Ci ¢Cz
(i)
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The decoupled terms are

(clrcisel eia) = —(clieincl jein) ~ —(cliesdel ey — cliein(el jeiy) + (cliein (el i)
(chiciyel in) = —(clich eies) 2 —(cl il Deiyesr — clach (ciyein) = (clach Meiyein)

Then

12

5 Z Tl=(elieinel ey = cliesaled jen) + (eliein(ed jen) = (clidd Deiress = eliel (eineir) -

+ 5 Z Jil=(chreirdel ejy — e ieir(cl ejn) + (el (el ei0) — (el Vejyeir — liel (e eir) —

+ < Z Til—(chyein)el jein = e jeinel i) + (e (el ein) — (apdngy = njy(nig) + (nig)(ng,)

+ i Z Tisl= (el ejdelseiy — chiei (el ejn) + (el jeim el ieiy) = (namjs — nya(nag) + (niyg) (njs)
(i5)

+ 7 Z Til—(cliein)chicin — chicir(cliein) + (e (el iein) — (ipdngs — njs(nig) + (nig)(ngs)

+ 5 Z Til= (el jer)el ey — e e (el o) + (e e ) el eiy) — (nagngy = njynag) + (i) (ng,)

(w)
If we set
&= > (dci0) (60)
Ay = <C;f,¢c;,¢ - CZT,¢C;,¢> (61)
n
5 = (Mig=ti) (62)
We simplify as
3 3
HS ~ _Z Z Jij(fijczgcjva + hC) — Z_l Z J (AZ]CZ +Cj,—o + hC) + 01 (63)
(ig),0 (ij).0
where the constant term
2 3N 2 2
Z Ti(1&5 + 1A4]%) = < Jo&2 4 ) + = (AL + AT (64)

<1J>

Within the similar route, we have the n;n; term:

1 1 1 . 1
_Z Z nin; ~ Z_l Z Jij(gijc;;r’gcj,a + hC) — Z Z Ji] AUCIUCJ,*U + hC) — 5 Z(nﬂna + 02
v

(i)
(65)



where the constant term

N
CQI—Z

N N
(o2 + yy) + 7 (ol + T AD) + - (o + )’
The mean-field hamiltonian is
Hyr = Z fk027ack,o + Z Ak(@t,TcT—k,i + Ck,Tka,i) +C1 4+ Cy
k,o k

To solve this Hamiltonian, we introduce the Bogoliubov transformation.

HMF = Z é-kCL,ack,U + Z Ak(CL’TCT_k’J, + Ck,chkJ)
k,o k

§k Ay Ck
- (CLT C‘“) i
’ Ap =& C

= Z Z Ek(’AY;i’AYk + é}i@k)
ko ok

where By = /& + A? and

C;Tw = wA) + v

Cik’J’ I ngli - Uz’?k

1 &k
2
— (14 2k
ul? = 50+ 5
1 &k
2
— Z(1-2>k
= 51— )
. A
O = oE,

This choose satisfy the communtation relation:

{chaonnt = [l {30 At + le2{¢ Gob = Juwl® + Jow]* = 1
{%a%} - 17 {Cl-crvck} =1
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SUPERCONDUCTIVITY IN A TWO-BAND MODEL

The two-band model on a square lattice is

H=H,+H;+ Hyy,+ Hy (75)
H.=t, ZCZUCL + h.c. —Zekckgcka (76)
k,o
Hy —tfszfjo""hc +U2fnfmf7¢fz,¢ Z€£f11,gfk,o+U2f;¢fl’¢fi¢fi,¢ (77)
(i) k,o i
Hyp =V d fiothe=V> c fuo+he (78)
io k,o
Hy =0 flficefl ofio =T S;S+55S; (79)

(i.3).0 (i.3)
The two bands are descibed by the dispersion relaitons €f, and e£ for c-electrons and
f-electrons. There is a onsite repulsive interaction on f—electrons. Hj,, describes the hy-
bridization between c- and f-electrons. The last term H; describes an effective exchange

interaction between f-electrons in neighboring sites and it is responsible for superconductiv-

ity.

Pairing term

The mean-field treatment of pairing term is the same as that in t-J model. Here we

neglect the S7S7 terms and only consider the xry exchange terms.

Sy Jid (S + S78F) = T (SF Srs + S ST, + STS, + 8PS, (80)

and the spin operators are

NI 1
Sy =(81,87,87) = (clyeiy. cf ein, 5 (it = mniy)) (81)

In the mean-field level,

+o— _ 1 —
Si 95 = CipCi Gy Cin = —Ci4C CilCig

—(clict Veiyeir — cliel (eigeir) + (elich Meigesr)
AT Bliy 4 AL A%
=—(- 5 —5)cicir — (= 7) it ij( 5 )(—7) (82)
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The singlet pairing potential is defined as

A = (encjy — cigcyy) (83)
(A5)" = (cj ¢ — ey (84)

If the triplet pairing is zero, (circj)) = (cjpciy) = <.

Next we further assume the s-wave pairing, i.e. all pairing terms are identical Aj; = A®.

We have
AS* AS AS*AS
} : +g _ E : T T
S 7,+IE - 9 Ci,| Citw,t + 9 G T i+, + 4

AS* AS*AS
Z Ze Wiy e ey 4 Z DI IR 1

7p
As* ks As ki As*As
— 5 Z e k Ck,¢c—k,T + 7 Z CL,Te k Cik# + N 4 (85)
k k
Thus we have

> (S5 Sia+ S S+ SESL, +5FS,) =

AS* ik AS —iks AAN
5 Z(Z e*Ner eopy + - Z(Z e ké)CL,TCT—k,¢ + 4N 1 (86)

k 1 k 6

Order parameter can be re-expressed as

Am+6 <CzTCz+6¢ N Z CzTCeréi

A Yl § 2 e zknck G lpT‘ZJr&C T>

= N Z(cmc_hi)eik‘s (87)
k

Since we have four nearest-neighbor on square lattice,

1
A* = 2cpeyy) = QZ[Ai,i—l—a‘: + Dy + Diie + Dy

11 .
= §N <Ck,Tka,¢> Z e ko (88)
k 1)

We see this order parameter is consistent with the self-consistent equation from Eq.

(by varitional method):

NAS Z Z €lk Ck JC— kT> =0 (89)



21
Slave-boson mean-field

We introduce four bosons to the various states that f-electrons can occupy. The boson
d,d are associated with empty and doubly occupied sites, respectively, and p, with a singly
occupied site with spin component o. There is an enlargement of the Hilbert space and
restrictions must be implemented at each site elei +chT d; + pZT’Tpi,T + p; ¢p2 , =1, and fia fio =
pZT’Tpi,T + dzdi. In the physical space, the operators f;, is replaced by f;,Z;,, where Z;, =
(1—dld; — plpis) ™ (elpiw + pi—odi) (1 — ele; — plpi1)~Y/%. The usual procedure consists
in taking a mean-field approach where we assume the slave bosons to be condensed. In the
solution of paramagnet or ferromagnet solutions, we take (Z;,) = Z,, (e;) = e.

The mean-field hamiltonian is

Hyr =Y (6 = e pouo + Y (e + N =)y foo +V Y el y o + hoc.
k,o k.o

k,o

+UNd* + NX(€* + d* + 2p* — 1) + N N2(p* + d°)
2

A
+Z°A Z(ﬂkf}l}fim + St fir) + N7 (90)
k

where 7y, = cos k, + cos k, for s-wave pairing.

Reduce the variational parameters

We consider the constrains

e+ d*+2p =1 (91)
ny =202+ ) (92)
we have p = \/ns/2 —d? and e = /1 — d? — 2p%. So
7 ple +d) g2 - B+ —n+d) (93)
V(? + ) (p* + d?) (L—n/2)n/2

and

0Z _ —d(ns/2 — &) V2 (VIF & —n+d) + (ng/2 — &)V2(1 +d(1 + d® — ny)~'/?)
od T _n/2)n/2

(94)
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Then the energy reduces to the form with three parameters: d, A, u

HMF:Z(E Ckackg—i-z fkafkg—i-VchUfkg—l—hc

k,o
A2
+UNd* + +7°A Z(nkf;ITfim + Sk frn) + N7 (95)
k
Bogoliubov-de Gennes equations
BdG equations can then be written as

Hp, = nwn (96)

(e —p) VZ 0 0

VZ € - 0 Z°A
4 = k H Tk (97)

0 0 —(eg—p) —VZ
|0 Ay -VZ —(d - p) |

where ¢7{ = (ufz(kv/]\)aui(ka\t)aU;;(ka\L%Ug(k?i))

/ ’

ey = Ol (b, )yh = of (k)] D lud, (—k, Dl = vl (=K, D))

m

= Z ud (k, D)ol (=k, 1) (vim) — of (b, Dud (=K, 1) (vyh)

=) —k, Wnp(Ba) = Y vl (k, Dul(=k, L)np(—E)
En>0 En>0
= > 4 —k, Dnp(Ba) = > —ul(k, ol (—k, D)nr(E,)
E,>0 E,<0
= >l (k, 1ol (=, Dne(E,) (98)
and alternatively
(1 fil) = Zu (k, Dol (=k, Dnp(—E,) (99)

ne(E,) —np(—E,) =np(E,) — (1 —np(E,)) =2np(E,) — 1 (100)
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One may have another equivalent form of pairing term

fmem ZU (ks Dvp, (=K, L) g (En) — ne(— /Q—ZU (b, D)vy (=K, 1) [2np(E,) —

(101)
(i fes) = <2[ 5k, D)k = vl (k, 1)7] i[uz;wm — v}, (k, D7)
= Zu (ks D) (kD) (vhm) + o (K, D)ol (ks 1) (ravh)
Eg;g !k, D (E,) + ;Ovﬁk,ﬂvi(k,ﬁnF(—Em
EZ !k, D)np(E >+;(—ui(k,T>><—u£<k,¢>>nF<En>
—zn:u (k, 1)uf, (k, )np(E,) " (102)

and

(Fl frs) = Zv (k, Lol (k. Lnp(—E,) (103)



24

Homework: 1. Compared to the s-wave pairing in BCS theory, one can assume the

d-wave pairing in the cuprate system which has been confirmed by experiments. The only

change is in the mean-field self-consistent equation for the order parameter A is not a

constant any more. Instead, we set
A(k) = Acos(2¢9), ¢ = arctan(k,/k;)
and the attractive interaction is not constant:
V(k, k') =V (k- k) ==Vacos(2(¢ — ¢'))

Then please solve the following self-consistent gap equation:

cos?(2¢) tanh(%)

A cos(2¢) = Vycos(2¢) Z

% 2Ep
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