Table of Contents

L Dynamical Mean-Field '1'heory|

1

Localized state 1n the continuiiml

1.2

Anderson 1mpurity model| . . . . . . . L oL L L

.5

Dvynamical mean neld theoryl . . . . . . . . . . . . . . ...

IL.o.1 Numerical loop . . . . . . . . . . .
L.o.2 Impurity solver] . . . . . . . . . . .o
| IRERS DMET selt-consistent condition on the Bethe lattica . . . . . . . . . . . .
o4 HRlectronic correlations in materials: LODAFDMET . . . 0 00 0 00 00 L.

.4

Numerical Renormalization Group . . . . . . . . . . . . . . . . ... ...

Logarithmic discretization . . . . . . . . . . . . . . ..o

Mapping to semi-infinite chain . . . . . . . . . . . . ... ... ..

lterative diagonalization . . . . . . . . . . . . . . .. ... ..o

4T
[.4.2
[.4.3
L.4.4 Summary

10
12
13
16
17
19
23
24
28



TABLE OF CONTENTS



Chapter 1

Impurity model

In this chapter, we will consider several models, which describe 1) the case of metallic alloy made
of a narrow band element (e.g. transition metal d-band) and non-magnetic element; or a atom
absorbed on the surface of a metal; 2) dilute magnetic impurities in metal. These models will
promote a widely popular numerical scheme: Dynamical Mean-Field Theory (1992), which has

been successfully applied to many strongly-correlated materials.

1.1 Localized state in the continuum

We start by a case with analytic solution:
H = Eyd'd+Y_ Epcler+ Y Vilchd + h.c.) (1.1)
k k

where the localized state has a fixed energy FE,, and the conduction band has dispersion FEj.
The localized state can be taken as a ”impurity” that is embeded in a metal. It contains term
in the Hamiltonian includes the mixing between c-electron and d-electron, where the electron
can hop to the impurity and the electron can hop off the impurity into the continuum. We first

consider the spinless electron in this part first.
1
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Let us define the full Green’s function as

A 1
Glw+in) = ———
w4+ —H
Y (Gal(w +in — H)|¢,)(9,]Cldp) = Gag
.
=(w+in— Eg)Gaa— Y _ViGra=1 (1.2)
k
(w+1in — Ex)Gr, — ViGag = O (1.3)
(w+1in — Ek)Gra — ViGaa =0 (1.4)
(w+in— Eq)Gap — ViGrr =0 (1.5)
Thus we get
Gul) : - Gulw) 1 (1)
w) = - alw) = : .
“ wHim—Eq—, MJZ’;}‘:’“EIC ‘ w+in — Eq — E(w)
where the self-energy is equal to the hybridization function A(w) = ¥(w) = ), —‘:/an‘jkEk The

Green’s function has poles at the points where the denominator vanishes, and the poles of
Green’s function corresponds to excitations of the system: E,, which is the solution of (w—Eq—

Re¥(w))l,—z, = 0.

Next we can consider a specific example: Ej = 2t cos k which is 1d tight-binding model, and
Vi =V/ VL with constant coupling strength. The self-energy function is now elementary to

evaluate:

1 vz o[ dk
E = 2 L - —
(w) =V+/ zk:w_ztcosk+@'77 2 /ﬂw—thosknLin

V2sgn(w)

, |w] > 2t
= Rex = { Ve o (1.7)
0, |lw|] <2t
V2 [T 0, |w| > 2t
Im¥(w) = 5 dkd(w — 2t cos(k)) = (1.8)
m

— 2
4 \/4t‘g—fw2,|w| < 2t



1.2. ANDERSON IMPURITY MODEL 3

So the total spectral function is:

& & 212

Aw) = O] = 2)2m(w — — ) + 20w + 2_4t2)]+@(2t—lwl>\/m[w2+v_4]

(1.9)

w w

The spectral function shows two separated cases: the pole with Im> = 0, which relates
to the bound state; and the pole with ImY # 0, which is the resonance state embeded in
the continuum. If it is assumed that the bound state occurs ourside of the band, the spectral
function has the form A(w) = 270(w — E; — %) = 2nZ5(E — E,), with renormalization factor
Z=(1- 82/8w)_1|Ed.

1.2 Anderson impurity model

In history, it has been known that some specific atoms (Fe, Co, Ni) doped in the normal metal
has weak magnetism. To interpret this phenomenon, Anderson proposed the following model to

describe the formation of local magnetism in alloy (1961)

H = Z Edod];dg + UndTn,u + Z EkJCLUCkU + Z ‘/k(c;rmdg + hC) (1.10)
o k

ko

The difference between the current case and the last section is, there is an additional in-
teraction term Ungngy, so the model cannot be solved analytically in an exact way. Here we

introduce a mean-field decoupling:

AB = ((A) + §A)((B) + 0B) ~ (A)(B) + (B)SA + (A)dB
= (A)(B) + (B)(A = (A)) + (A)(B — (B)) = (B)A + (A)B — (A)(B) (1.11)

And using this relation we get

Nanay = (Nap)nay + nap(nay) — (Nar) (nay) (1.12)
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Then the Hamiltonian will be reduced to

H= Z(Eda +U(ng_o))did, + Z EpoCl_cro + Z Vi(cl dy + h.c.)

= Z Egodid, + Z EpoClycre + Y Vilch,do + hoc.) (1.13)
ko

where we define Ey, = Eyy + U (Nd,—o)-

Then we just define the Green’s function as in the last subsection,

b

w+in—f]

Y (Balw +in — H)[6,)(64]Glds) = bag
S

G(w+in) =

=(w+in— Ew)Gy— Y ViGl, =1 (1.14)
k
(w + 177 - Ek)ng - Vng,k = 6k,k’ (115)
(w+in— E4)GS, — ViG, =0 (1.17)
Thus we get
1 1

() = . — (118)

4 wHin— Ege — >, WJUV’“EM w—l—m—Ed(,—E”(w)

" 1 " 1 Im¥%(w)
= pg(w) = _;ImGdd(w> = = 5 5 (1.19)
(w— Egy — ReX(w))? + (ImX°(w))

Here we assume X7 = P ), WW’“‘ —im Y, |Vel?d(w — Ek,) = iA by neglecting frequency de-
pendent real part and assuming the imaginary part is frequent independent. The solution
corresponds to a virtual bound state resonance. In this simple approximation, the density of

states takes the Lorentzian form.

Then we get the electron number as

Er 1 . E —F
(nan) = [ dwpfle) = oot [P (1.20)

(cot7!(x) = 7/2 — arctan(z))
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Figure 1.1: Magnetic diagram of Anderson impurity model.

Finally, we construct a self-consistent loop:

1 E U —F
(nar) = p cot ™t i <Zd¢> LN cot(mny) =yn, —x (1.21)
1 Ed—l—U(ndT) —EF

(ng,) = = cot™ — cot(mny) = yny —x (1.22)
s

A

where y = U/A, x = (Ep — E;)/A. For a given x,y, we can solve these two equations and get

ny,ny.

The non-magnetic solution ny = n; always exists, and the equation cot 7n = yn — x has only
one solution in the regime 0 < n < 1. In addition, there exists the magnetic solution ny # nj.
The phase diagram is summarized in Fig. 2. We see the appearance of magnetic phase is

determined by Fr — E4, U and A (Hybridization strength).
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Next we can try to get some analytical solution. It is convenient to introduce the total
occupation ng = (n4) + (n;) and magnetization mg = (n+) — (n;), then the self-consistent

equation becomes

1 1 Ea+U/2(ng — omy)

na = — UE:i cot ™| A ] (1.23)
o 1 1 Ed—i-U/Q(nd—amd)

ma = — Ugiacot [ A ] (1.24)

To find the critical size of interaction strength where a local moment develops, we set the

limitation my — 0, and obtain:

E 2
cot(mny/2) = %c”d/ (1.25)
= UC 1 _ Uc . 9,Ng
= W_A[l T <M)2] = A7) (1.26)
A

So for the case ngy = 1, we have critical strength U, = 7A. For U > U, the self-consistent
equations have two solutions, corresponding to up and down spin polarization. This is, at half
filling of a energy band, the Mott gap opens if the on-site interaction is large enough, the energy

level B4+ U becomes empty, and the Fy is fully occupied.

Anderson mean-field theory allows a qualitative understanding of the experimentally observed
formation of local moments. When dilute magnetic ions are dissolved in a metal to form a local

moment, the condition is the ratio U/(wA) is larger than or smaller than 1.

Finally, there are two non-magnetic regimes, one in which the impurity level is predominately
in the state with no electrons, i.e. Fy — Er > A, dubbed as empty orbital regime; the other in
the state with double occupancy E;+ U — Er < A. These regimes are probably of least interest
because the levels are not close enough to the Fermi level for charge fluctuations to be important.
Additionally, letting either E; or E; + U approach the Fermi level, the charge fluctuations of
the impurity become important. This regime know as the intermediate valence regime, which

cannot be described by the simple Anderson impurity model.
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1.3 Dynamical mean field theory

In the last section, we discuss a numerical method, dynamical mean-field theory, to treat
strongly-correlated materials. The dynamical mean-field theory has deep relation with the Kon-
do impurity problem as shown above (so I put it in this chapter). In principle, dynamical
mean-field theory is designed to treat systems with local effective interactions that are strong
compared with the independent-particle terms that lead to delocalized band-like states. Interac-
tions are taken into account by a many-body calculation for an auxiliary system, a site embedded
in a dynamical mean field, that is chosen to best represent the coupling to the rest of the crys-
tal. This section is devoted to the general formulation, the single-site approximation where the
calculation of the self-energy is mapped onto a self-consistent quantum impurity problem, and

instructive examples for the Hubbard model on a Bethe lattice.

The topic of this section is dynamical mean-field theory, which is also a Greens function
method in which the key quantity is the self-energy. It is designed to treat strong interactions for
electrons in localized atomic-like states, such as the d and f states in transition metals, lanthanide
and actinide elements and compounds. Instead of a systematic perturbation expansion, the
methods are constructed to be correct in three limits: isolated atoms including all effects of
interactions, an extended solid with no interactions, and the limit of infinite dimensions where
mean-field theory is exact. DMFT is designed to treat materials with local moments in a
disordered phase, e.g., a magnetic material such as Ni and NiO above the transition temperature;
metalinsulator transitions, such as in V503; and highly renormalized behavior, such as in the
heavy fermion material Celrlns, where quasi-particles emerge at low temperature with mass 100

times that expected in an independent-particle picture.

The problem we faced is the lattice Hubbard model described by the Hamiltonian:

H= Z[tijygc;;cja + h.c] + (g0 — p) Z Nie + UZ Ni 4T |- (1.27)
ijo i i
Unfortunately, this model can not be solved exactly so far. People have developed many different
approximated method to solve it. One of the physical intuition is to map the Hubbard model
to the local quantity coupled to an effective bath (the rest of the lattice), as shown in Fig.
2. Tt is valuable to point out the overall strategy to utilize auxiliary systems (bath). The

advantages of an auxiliary system are that in principle it can reproduce selected properties of
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the full interacting many-body system by calculations on a simpler system; in practice it can

provide avenues for useful approximations.

An essential part of the strategy is that the auxiliary embedded system must be soluble for
a range of possible baths and it must be flexible enough to describe the chosen properties of
the actual system. In principle, it may be possible to find a bath that reproduces exactly some
selected property of the small system. In general, however, one must make approximations based
on physical arguments to find a criterion for the auxiliary system that best represents the actual

system.

Figure 1.2: Schematic illustration of an auxiliary embedded system: Mapping a lattice problem
to an impurity model. The black circle represents a part of the actual system (with full interac-
tions), which is small enough that the interacting electron problem can be solved. The shaded
region represents the bath, an effective (and non-interacting) medium that is simplified enough
that the desired properties can be calculated. Coupling with the bath can take various forms,
for example, the arrows represent electrons hopping to and from the bath at different times that
can be described by a hybridization function A(w). By construction, the auxiliary embedded
system can be solved with no approximation; the approximations enter in the way it is used to
represent the actual system of interacting electrons.

The representative site is described by effective Anderson impurity model:

HAIM - Hcoupling + Hsite + Hbath7 (128)
Hge = Uniqniy + (€0 — ) (g + n4y),

— + _ +
Hyorr, = _ afarg + hc. = era) age,
LU, o ko

Hcouping - Z ‘/l,i(az;cia + hC)
lyi,o
where a;, describes the fermion belong to the bath or environment. For the present discussion
we assume interactions are confined to each site and the only coupling between sites in the

hamiltonian is independent-particle hopping indicated by the lines connecting the sites in the
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figure. To keep the notation simple, we describe the theory in terms of sites in the crystal, with
the understanding that the same formulas apply whether the site is a single atom or a cell of

atoms.

At the first step, the electron hopping on/off the impurity is thus described by the bath

Green’s function:

. 1
Goliw) = iwn + 1 — o — Aliwy,) (1.29)

12
where A =", % is the hybridzaition function (See discussion in Sec. B Anderson impurity
model). Here we effectively think about U = 0 case, and the solution above is analog to non-

interacting Green’s function.

And the interaction term defines an effective Anderson impurity problem for a single cor-
related atom. Solution of this quantum impurity problem gives one the local Greens function
Gimp, which is the full Green’s function at the impurity site for Eq. TZ8. We just leave the
problem “how to solve impurity model” in next section later. Supposed that we can obtain Gj,),

we define the local self-energy X, (iw,,) as

Simp(iwn) = Gy (iw,) — G;}Lp(z'wn) (1.30)

Second, we define lattice Green’s function as Gjq; as (Or, the theory is cast in terms of the

single-particle Greens function for the crystal)

1
Ga k7. n) = - X 1.31
tae (K, ion) iwn + 10— g — e — Nk, iwy,) ( )

The independent-particle bands are given by ¢, and effects of interactions are included in the
self-energy Y(k,iw,). Here we can think about G, as the full Green’s function of the original

Hubbard model Eq 247

The goal is to provide useful methods to calculate the self-energy, and the strategy in DMFT
is to utilize an array of auxiliary systems on the sites of the crystal. The only role for the
auxiliary system is to provide a way to determine the self-energy and the only results needed

from the calculation for the auxiliary system are the Greens function. In DMFT, we introduce
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the key mean-field approximation:
E(k,iwy,) & iy (twy,). (1.32)

i.e. the self-energy is purely local. This approximation tells us that, the Green’s function of
lattice Hubbard model is translational invariant, and each site self-energy coincides with that
of the mapped impurity model. That is, DMFT assumes that the local correlations are largest

and the longer-range correlations are weaker and are approximated in practical methods.

Then we further define the local Green’s function as
Gloc an ZGlatt k an (133)

where the sum is over the whole BZ.

Finally, one obtains the DMFT self-consistency condition:
Gloc(iwn) — Gimp- (134)

Using Eq.29, 30, we get the alternative form for self-consistent condition:

1
Goc ) n) — . ;
toe i) ; iwn, + p— €g — e — Sk, iwy)

1
Xk: Gy tiw,) + Aliw,) — ex — B(iwy,)
1

1.35
; Aliw,) + Gl (iw,) — ex (1.35)

The above precedure is similar to the Wess mean-field, and we list a comparison in the Table.

1.3.1 Numerical loop

In practice, the self-consistent loop contains the following steps:

1. Start with a guess for X (k,iw,) (typically, X(k,iw,) = 0);

2. Make the DMFT approximation: X(k,iw,) & Simp (iwy,);
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1.3.
Ising Hubbard
H= —JZO’.L'O'J; th ioC w"'"ZURZT”u
(i5)
3
Heg = —Jhegio Set = —/ ()G (-7 f dr Unqy(1)ny (1)
0
m = (o) Goimp(T) = — (Teo( 7)el (0 >SUH
Ecrirnp [g](iwn) = gg_l (iwn) Gcn:}np [Q] (z’wn)
heff =zJm
1
GO’]II]. g an - .
p[ Zk: + H— € — Ecrimp [g] (an)

Figure 1.3: Compare the mean-field with dynamical mean-field theory.

' DMFT LOOP|
[Cfo (iﬂ)) J ab
KS T——
H L% “Solving
[G (i 0-)) ] ab
[E (iw)]ah

Figure 1.4: Schmatical plot for DMFT loop.
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3. Compute the local Green’s function Gl (iwy,);

4. Compute the dynamical mean field (Eq. [30,029) A(w) = dw, + 1 — G (iwn) — Simp (iwn ),

loc

and then construct bath accordingly;

5. Solve the AIM for a new impurity Green’s function Ginp(iw,,), extract its self-energy:

Simpliton) = Go i) — Gl (iw);

immp

n (iwn) = GEH (iw,,).

6. Go back to step 2 until convergence, namely when G7,, imp

This is also shown in the Figure I4. Please note that, in the real material calculation, we can

also get G by DFT.

1.3.2 Impurity solver

The key step in DMFT is step 5: to solve the Anderson impurity problem. This step costs most
of computational time. One can solve this Anderson impurity problem using approximation
method, or numerically exact method. If it is treated in other approximation method, the

correlation effect doesnot include correctly. Thus, we prefer the unbiased way.

Solving the Anderson impurity model amounts to computing observables such as the inter-
acting Green’s function and related spectral function for a given hybridization function. There
exists a number of ways to solve the Anderson impurity model, including exact diagonaliza-
tion, the numerical renormalization group, iterative perturbation theory, the Hirsch-Fye and
continuous-time quantum Monte Carlo methods. Although the above impurity solvers have
been proposed and developed for decades, they have strength and weakness. For instance, the
numerical renormalization group, being designed for impurity problems, is unable to resolve a
good resolution of spectral density at high energy regime, due to the limitation of logarithmic
discretization of the bath density of states. Moreover, related generalization of numerical renor-
malization group to the multiorbital or multi-band lattice model is still unfeasible. Quantum
Monte Carlo method can efficiently deal with multi-band models, but it lacks high resolution
of the spectral function when formulated in imaginary time, due to the ill-conditioned analytic
continuation from imaginary to real frequencies. Exact diagonalization naturally works with
real frequencies, but it is severely limited by its accessible system sizes. This again reduces the

spectral resolution considerably.



1.3.  DYNAMICAL MEAN FIELD THEORY 13

On the other hand, over more than twenty years of the development, DMRG has become a
mature numerical technique dealing with generalized Hamiltonian, which is widely accepted as
the most successful method for one-dimensional interacting systems. Since the impurity problem
in DMFT can be transformed to be actually one-dimensional, it is natural to use DMRG as an
impurity solver in DMFT numerical loop. Actually, the existing works demonstrate that DMRG

is able to give very accurate solution for impurity model.

In some ways, DMFT is analogous to the KohnSham method but it involves a dynamic Greens

function and self-energy instead of the static density and the exchangecorrelation potential.

1.3.3 DMFT self-consistent condition on the Bethe lattice

In this section, we briefly discuss the self-consistent condition, hybridization function for the
Bethe lattice, with or without magnetic field. The Bethe lattice is interesting due to its specific
form of density of states (DOS), which can simplify the DMFT self-consistent condition. It

enables us not to use any other feature from the Bethe lattice other than the DOS form.

On the Bethe lattice, the single-particle DOS (in the absence of interaction term) takes a

semi-elliptic form:

2
P’(w) = —%ImGO(w) = m\/D2 —w?, (1.36)

where 2D stands for the band width of system and the bare lattice Green’s function G%(w) takes

a particularly simple continued fraction representation with constant coefficients

GO(w) = : (1.37)

be

1 1 e o (D
R R S (5) e
w—Z—w_‘*Z“
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where Y(w) is the self-energy function. Importantly, several remarks are in order. First, we
have assumed that self-energy function ¥(w) is uniform in real-space thus it is independent of
momentum quantum number, which is one key assumption of DMFT. Due to this assumption,
self-energy function behaves as a global energy shift to frequency w. Last but not least, the
continued fraction does not change when it is evaluated at a deeper level because its coefficients

are constant.

On the other hand, we can write the bare Green’s function of the Anderson impurity model

¢°(w) with the help of the so-called hybridization function T'(w) as

‘(W)= ——=— 1.39
gw)=— T (1.39)
where the continued fraction of I'(w) is
V2

I'w) = > : (1.40)

w—eg— Y0 \

w— e— M1

w —_ . e .

For an infinite homogeneous system we have 7; = D/2, ¢, = 0 and V = D/2. From the Dyson

equation, the impurity Green’s function of Anderson impurity model reads

o) & 7@ Y(w)=w—-3(w) —T'(w). (1.41)

Based on the self-consistency condition, we set Eqs. (IZ38,41) equal and obtain the simpler
self-consistency condition:
D2
This equation is simple and it provides a direct way to compute the hybridization function I'(w)

(Eq. (20)) of the next iteration of the Anderson impurity model from the lattice propagator
G(w).

At last, we solve a single-orbital Hubbard model on the Bethe lattice in the absence of

magnetic field, which is given by the Hamiltonian

1 1
H = UZ (TL,"T — 5) <ni,¢ — 5) —1 Z CI7UCj7U (143)
i (

i,7),0
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Figure 1.5: Dynamical DMRG solution for one dimensional single-impurity Anderson model (by
setting V.= D/2, 7, = v = 1.0 in Eq. [0) for different interaction strength U = 0, D,2D:
(Left) Spectral densities (imaginary part of Green function by scaling a global constant 7D)
and (Right) Real part of Green functions as a function frequency w. For DMRG simulation, we
choose a chain length L = 80 fermionic sites (after mapping into two-component spinless model,
we have L' = 160 lattice sites). We kept 128 states in each DMRG block and the resulting
projection error is less than 107'% In the dynamical DMRG calculation, we use a smearing
energy n = 0.1D before deconvolution calculation.

T

where ¢; , creates one electron with spin—o at site ¢ and n;, is occupation operator. The basic
physics of the hubbard model comes from the competition between the local repulsive interaction
and kinetic term consisting of hopping from one site to the other site. The interaction is diagonal
in real space and hence tends to make the electrons local in real space, while the kinetic energy
is diagonal in momentum space and hence tends to make the electrons extended in real space.
So the interaction favors an insulating phase, whereas the kinetic energy favors a metallic phase,

depending on the relative strength of U/t.

Here we solve the Hubbard Hamiltonian, with DMFT scheme. The related key DMFT self-
consistent condition has been discussed in Sec. [Z3-3. Fig. @ shows our results for various inter-
action strength U in the metallic phase (U < U, =~ 2.6D). Here we choose the one-dimensional
impurity model enclosing L. = 80 fermionic sites, which is solved by DMRG algorithm by limiting
each DMRG block with dimension M = 128. The obtained projection error in DMRG calcu-
lation are all negligible small (less than 107!%), indicating good convergence of DMRG output
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from core impurity model. As to computational performance, by setting parameter U = 2D, the
typical (physical) time cost is 63 minutes for each DMFT loop (on two 3.90GHz cores). Here
we set the simulation parameter as the broadening energy n = 0.1D and frequency scan step

Aw =1 (w € [—6.0,6.0]), and use the mixed Bath discretization.

The obtained spectral densities faithfully recover the previous DMFT+DMRG calculations,
with key features including the pinning criterion p(w = 0) = % for all interaction strength,
and the side peaks at the inner edges of Hubbard bands in strong interaction regime (U = 2D).
Compared with previous numerical renormalization group calculations, current DMFT+DMRG
scheme deal with low frequency and high frequency with the equal weight, thus we can get
correct both Kondo resonance peak in the low frequency and Hubbard satellite bands (non-
coherent peak) in the high frequency. Compared with the Chebyshev-based simulations, current
DMFT+DMRG reaches a better convergence. In a word, under DMFT+DMRG scheme, by
using the two-component mapping, a better convergence and computational performance is

available.

2.5
u=a | | U=0 | . = ——u=150 |
2.0+ 4 F

1.5

1.0

p(w)Dn

0.5}

0.0L.

2 4 6

ol

6-6 4 2 0 2 4 66 4 20 2 4 6-6 4 -2

Figure 1.6: Spectral densities of single-orbital Hubbard model on the Bethe lattice obtained
by DMFT scheme. We choose the impurity model enclosing L = 80 fermionic sites, which is

solved by DMRG algorithm by limiting each DMRG block with dimension M = 128. Before the
deconvolution calculation, we select the broadening parameter as 7 = 0.1D.

1.3.4 Electronic correlations in materials: LDA-+DMFT

Until recently the electronic properties of solids were investigated by two essentially separate
communities, one using model Hamiltonians in conjunction with many-body techniques, the oth-
er employing density functional theory (DFT). DFT and its local density approximation (LDA)

have the advantage of being ab initio approaches which do not require empirical parameters as
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input. Indeed, they are highly successful techniques for the calculation of the electronic structure
of real materials. However, in practice DF'T/LDA is seriously restricted in its ability to describe
strongly correlated materials where the on-site Coulomb interaction is comparable with the band
width. Here, the model Hamiltonian approach is more powerful since there exist systematic the-
oretical techniques to investigate the many-electron problem with increasing accuracy. The two
approaches are therefore complementary. In view of the individual power of DFT/LDA and the
model Hamiltonian approach, respectively, a combination of these techniques for ab initio inves-
tigations of correlated materials including, for example, f-electron systems and Mott insulators,

would be highly desirable.

The recently developed LDA4+DMFT method, a new computational scheme which merges
electronic band structure calculations and the DMFT. Starting from conventional band structure
calculations in the LDA the correlations are taken into account by the Hubbard interaction and
a Hunds rule coupling term. The resulting DMFT equations are solved numerically, e.g., with
a quantum Monte-Carlo (QMC) algorithm. By construction, LDA4+DMFT includes the correct
quasiparticle physics and the corresponding energetics (in some showcases). It also reproduces
the LDA results in the limit of weak Coulomb interaction U. More importantly, LDA+DMFT
correctly describes the correlation induced dynamics near a Mott-Hubbard MIT and beyond.
Thus, LDA+DMFT is able to account for the physics at all values of the Coulomb interaction

and doping level.

1.4 Numerical Renormalization Group

Particular attention has been devoted to the effect of strong electron-electron interactions (also
referred to as ”strong correlation effects”) in the transport properties of nanodevices. Electrons
can now be confined and manipulated in a controllable way in semiconductor quantum dots,
scanning tunneling microscopy set-ups and molecular junctions, allowing for a myriad of single-
particle and many-body effects to be probed in detail. Prominent among these is the Kondo
effect, arising from the screening of a local magnetic moment (such as a single electron spin)
by the surrounding electrons in a continuum, forming a many-body bound state. The essential
physics of the Kondo effect in equilibrium is captured by quantum impurity models describing a
magnetic impurity coupled to Fermi reservoirs, such as the Kondo model or, more generally, the

Anderson model. The formulation of the latter includes charge fluctuations, thus allowing for the
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description of equilibrium transport properties through the impurity. One of the most accurate
schemes for obtaining the low-energy excitation spectra in these and other quantum impurity

models is given by Kenneth Wilson’s Numerical Renormalization Group (NRG) method.

The non-perturbative nature of this method allows the calculation of physical properties (such
as spectral functions and magnetization curves) at arbitrarily low temperatures and excitation
energies, precisely in the region where the Kondo effect is fully developed. In this sense, the
NRG method constitutes a very powerful tool to explore different effects in transport properties
of strongly correlated systems. In particular, there has been a large interest on the use of NRG

for equilibrium transport calculations in quantum dot systems.

The NRG method is special designed for quantum impurity systems, with a small impurity
an object with a small number of degrees of freedom with arbitrary interactions coupled to a non-
interacting bath usually a free conduction band, that is non-interacting fermions. Nevertheless,
there is an enormous range of physical phenomena which can be realized in such systems, and

to which the NRG can be applied.

In these lecture notes, we will purely focus on the single-impurity Anderson model. The
Hamiltonian of a general quantum impurity model consists of three parts, the impurity Hj,,

the bath Hp.p, and the coupling between impurity and bath,:
H = Hz’mp + Hbath + Himpfbath (144)

In the single-impurity Anderson model (siAm), the impurity consists of a single level with energy
E4. The Coulomb repulsion between two electrons occupying this level (which then must have

opposite spin) is given by U:
Himp = > _ Ead}dy + Udldid]d, (1.45)

with d, (df) annihilation (creation) operators for a fermion with spin—¢ on the impurity level.

The bath could be 1D, 2D, or 3D electron band.

Hyotr, = Y €6C} o Cho (1.46)

k,o
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The impurity and bath coupling term describes

Himp-batn = Y _ Vi(dlcrg + hec.) (1.47)

k,o

We can now easily calculate the form of the hybridization function using equations of motion.
The essential point is that the one-particle Green function G(z) = (d'd) can be written in the

form

1

G = T E AR -0

(1.48)

where 3(z) is the correlation part from on-site interaction, and the hybridization function is

Alz) =) Vi (1.49)

Z — €
& k

Usually it is the imaginary part of this quantity which is referred to as the hybridization function:

Alw)=—-lmSA(z=w+in) =7 Z Vi25(w — ) (1.50)

n—0
1.4.1 Logarithmic discretization

The Anderson model is

H=Eud'd+) eclen + > Vildic, + def) (1.51)
k k

The influence of the bath on the impurity is completely determined by the so-called hy-
bridization function A(w). Thus, if we are only interested in the impurity contributions to the
physics of the STAM, we can rewrite the Hamiltonian in a variety of ways, provided the manipu-
lations involved do not change the form of A(w). Next, we use continuous energy representation

form

1 1
H= Edde+/ deg(e)cle, +/ h(e)(d'ce + dc) (1.52)

-1 1

To understand it, one needs the relation between sum up in momentum and sum up in energy
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space: [dk = [ p(E)dE. Here we renormalize the energy ranging in [—1.1]. The conduction
band is now assumed to be continuous, with the band operators satisfying the standard fermionic

commutation relations: {al, a.} = 0. .

Please note that function g(e) and h(e) are not independent. In fact, they are related by the

hybridization function:

Alw)=m> V5w — e) (1.53)

= 7T/ deh?(€)d(w — g(e)) (1.54)

1

d
=mh?*(g " (w))=——g " 1.55
mhi(g™ (W) 59~ (W) (1.55)
where we use the relationship §[f(z)] = %, and ; is the root of f(z). g~ !(w) is the inverse

function of g(w): g7 !(g(w)) = w. For a constant A(w) = Ay within the interval [—1, 1], we have

g ' (w) = w (this corresponds to g(e) = €) and h*(e) = Ag/.

To access low energy physics, the NRG algorithm adopts the logarithmic discretization
scheme. According to such a scheme, the band interval [—1, 1] is divided into intervals [~ A™", —A~=("+1]
and [A=("*YD A="] (n=0,1,2,...), where parameter A > 1. Thus, each interval width is d, =
A™"(1 — A™'). For each interval, we introduce a complete set of orthonormal functions

Leiiwnpe,Af(nJrl) <e< AT
tle)= Vin (1.56)

0, outstdethisinterval.

The index p takes all integer values between —oo and oo, and the fundamental frequencies for

each interval are given by w,, = 27/d,.
In this new basis, the original conduction electron operators can be expanded as

Ce=> npthrh(€) + bupthy () (1.57)

1

Qnp = /1 de[ry, ()] ce (1.58)

l;np:/ de[@bgp(e)]*cg (1.59)

1

The operators a,, and l;np form another complete set of independent and discrete electron oper-
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ators obeying the normal anti-commuting relations

{tnp, ajl,yp,} = OOy (1.60)

The Hamiltonian is now expressed in terms of these discrete operators. In particular, the trans-

formed hybridization term (first part only) is
/ deh(e)die, = d' Zanp/ deh(e)y? ()+bnp/ * deh(e)y (€] (1.61)
—1

For a constant h(e) = h, the integral filter out the p = 0 component only

/Mdehw = \/duhd,g (1.62)

In other words, the impurity couples only to the p = 0 components of the conduction band
states. It will become clear soon, that this point was essential in Wilsons original line of ar-
guments, so we would like to maintain this feature (h(z) being constant in each interval of the
logarithmic discretization) also for a general, non-constant A(w). Thus we simplify the version
of transformation formula as

1 ,A_(n+1) <e< A
romo(€) = Vi (1.63)

0, outsidethisinterval.

and

Za”pwnp 0 +bnp1/}np O( ) (164)

+ In
Appeo = dec,, de = de (1.65)
o=z | e [ L= [
1 - - _;"“
by p—o = \/d_/ dece,/ de:/ de (1.66)

Moreover, we can also set a step function for h (but keeping the definition of 1)):

h(e) = hE A=) < de < AT (1.67)
+

(2 = o [ dedo = (2 (168
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This leads to the form of

/_ 1 deh(e)d'a. = d") "[a, / o h(e)w + by, / - h(e),] (1.69)
+n 1 —n 1

—di En:[an / b=t [ hO—] (1.70)

_ gt Z[anh:{\/% +bohe \/1(1_] - - 1/#1* Sl + b ] (1.71)

Next we deal with the bath term:

[ degtertec = 3 labyan [ degle0iy €male) + Vb [ denleht i )

1
+,n —,n 1
—— Z[a}lpanp/ deg(e) + prbnp/ deg(e)]d—

np

np,mq

n

(1.72)

We carry out the integration [ * rda

- + 1y -
/ rdrA(x) = 7r/ xdxdgd ( )hQ[g_l(x)] = 7r/ xdyh*(y),y = g~ (1.73)

Z

If we set © = g(y), we have

+ + +

/ zdyh®(y) = / g(y)dyh*(y) ~ (hy)? / g(e)de (1.74)
S 1 + B [* zdeA(x)

/ g(€)de = S / rdrA(z) = dn—fi NG (1.75)

In the lase equation, we have used the results for (hf)2.

If we further define

)2 = 3 xr)ax + 1 :tx xr)ax
e R e AENEY (1.76)
* [* zdeA(x) N
/ g(e)de = dnm = d,¢&, (1.77)
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—JmA(w)

W

Figure 1.7: The logarithmic discretization of electron bath.

thus the bath term becomes

[ desterte. = €tajan + €10

n

Finally, the original hamiltonian can be transformed to

1
H = Eqd'd + ;[fialan + &, 0 b] + ﬁd* > lawys + buvpl/dn + hc.

n

Now this hamiltonian shows the coupling to all sites just as sketched in Fig. 2.

1.4.2 Mapping to semi-infinite chain

23

(1.78)

(1.79)

In the Hamiltonian for the Wilson chain, the impurity directly couples only to one conduction

electron degree of freedom with operators fy. With the definition

1
Jo \/%;[7 Y bn]
1

=305 + (17)? = / deA(e)

n 1

We have

H = Byd'd+_[6} alan + & blba] + | 2 [fld + d' £y

(1.80)

(1.81)

(1.82)
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The operators fy represent the first site of the conduction electron part of the semi-infinite

chain. These operators are of course not orthogonal to the operators a,, b,.

The desired semi-finite chain suitable for the NRG iteration is
N N-1
n=0 n=0 7[_

where 7, is the hopping matrix element and ¢,, is on-site energies, with the operators f,, corre-

sponding to the nth site of the conduction electron part of the chain.

The Lanczos procedure needs to transform the all-coupled hamilton to the desired form. It

should complete such a task: Using A(e) as input gives &, 7.

The operator f, and operators a,, b, are related via the orthogonal transformation

Qp = i umnfm7 bn = i Umnfmy (184)
m=0 m=0
m=0

For the definition of f,, we can read off the coefficient ug,,, Vom

Uom = Y/ /0> Vom = Yo/ v/T0 (1.86)

1.4.3 Iterative diagonalization

The transformations described so far are necessary to map the problem onto a form for which
an iterative renormalization group (RG) procedure can be defined. This is the point at which,

finally, the RG character of the approach enters

The chain Hamiltonian can be viewed as a series of Hamiltonians Hy(N = 0,1, 2, ..., which
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approaches H in the limit N — oc:

H = lim A~WV-D2py (1.87)

N—oo
N N—-1 1
Hy = ANDPEdd+ > enfifo+ Y malflfars + hc) + 4 /?0[ Td+d fo]] (1.88)
n=0 n=0

= VAHpy_, + AV-D/2 [eNf]T\,fN + TN(f]TVfN—l + h.c.)] (1.89)

The starting point of the sequence of Hamiltonians is given by a two-site cluster formed by
the impurity and the first conduction electron site. Note that in the special case of the siAm, one
can also choose H_y = H;y,;, as the starting point (with a proper renaming of parameters and
operators) since the hybridization term has the same structure as the hopping term between
the conduction electron sites. The recursion relation can now be understood in terms of a

renormalization group transformation R:
Hy = R(Hy_1) (1.90)

In a standard RG transformation, the Hamiltonians are specified by a set of parameters K and
the mapping R transforms the Hamiltonian H(K) into another Hamiltonian of the same form,
H(K'), with a new set of parameters K’. Such a representation does not exist, in general, for
the Hy which are obtained in the course of the iterative diagonalization to be described below.

Instead, we characterize Hy, and thereby also the RG flow, directly by the many-particle energies

EN(T)a
HN|TN>N:EN(T’)|T>N7T:1,2,...,N8 (191)

with the eigenstates |r) xy and N, the dimension of Hy. This is particularly useful in the crossover
regime between different fixed points, where a description in terms of an effective Hamiltonian
with certain renormalized parameters is not possible. Only in the vicinity of the fixed points
(except for certain quantum critical points) one can go back to an effective Hamiltonian de-
scription, as described below. Our primary aim now is to set up an iterative scheme for the
diagonalization of Hy, in order to discuss the flow of the many-particle energies En(r). Let
us assume that, for a given N, the Hamiltonian Hy has already been diagonalized. We now

construct a basis for Hyy1, as sketched in Fig. [CS:
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Figure 1.8: In each step of the iterative diagonalization scheme one site of the chain (with
operators fyy1) and on-site energy ey,1) is added to the Hamiltonian Hy. A basis |r; sy41) for
the resulting Hamiltonian, Hy 1, is formed by the eigenstates of |r), and a basis of the added

site, |s(n41))-

rs ) = 1)y @ [s(N + 1)) (1.92)

The states |r;s(V + 1)) are product states consisting of the eigenbasis of Hy and a suitable
basis s(N + 1) for the added site (the new degree of freedom). From the new constructed basis

we construct the Hamiltonian matrix for Hyq:
HN+1(7"5J"/5/) =N+1 <7‘; 3|HN+1|7J§ 5/>N+1 (1.93)

Diagonalization of the matrix gives the new eigenenergies Ex1(w) and eigenstates |w) 41 which

are related to the basis |r; s(N + 1) via the unitary matrix U:

wynr =Y Ulw,rs)|r; s(N + 1)) (1.94)

rs

The following steps are illustrated in Fig. I9: In Fig. [9a we show the many-particle spec-
trum of Hy, that is the sequence of many-particle energies Ex(r). Note that, for convenience,
the ground-state energy has been set to zero. Figure b shows the overall scaling of the energies

by the factor.

The increasing number of states is, of course, a problem for the numerical diagonalization; the

dimension of Hy 1 grows exponentially with N, even when we consider symmetries of the model
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a) by c) d)
E ® AT E 0 E.O after fruncation

Figure 1.9: (a)Many-particle spectrum En(r) of the Hamiltonian Hy with the ground-state en-
ergy set to zero. (b): The relation between successive Hamiltonians includes a scaling factor. (c)
Many-particle spectrum Epn1(r) of Hy,1, calculated by diagonalizing the Hamiltonian matrix.
(d) The same spectrum after truncation where only the Ny lowest-lying states are retained; the
ground-state energy has again been set to zero..

~—

so that the full matrix takes a block-diagonal form with smaller submatrices. This problem can
be solved by a very simple truncation scheme: after diagonalization of the various submatrices
of Hy1 one only keeps the Ns eigenstates with the lowest many-particle energies. In this way,
the dimension of the Hilbert space is fixed to Ns and the computation time increases linearly
with the length of the chain. Suitable values for the parameter Ns depend on the model; for
the siAm, Ns of the order of a few hundred is sufficient to get converged results for the many-
particle spectra, but the accurate calculation of static and dynamic quantities usually requires

larger values of Ns.

Such an ad-hoc truncation scheme needs further explanations. First of all, there is no guaran-
tee that this scheme will work in practical applications and its quality should be checked for each
individual application. Important here is the observation that the neglect of the high-energy
states does not spoil the low-energy spectrum in subsequent iterations this can be easily seen
numerically by varying Ny. The influence of the high-energy on the low-energy states is small
since the addition of a new site to the chain can be viewed as a perturbation of relative strength
A~Y2 < 1. This perturbation is small for large values of A but for A — 1 it is obvious that one
has to keep more and more states to get reliable results. This also means that the accuracy of

the NRG results is getting worse when Ns is kept fixed and A is reduced.

From this discussion we see that the success of the truncation scheme is intimately connected

to the special structure of the chain Hamiltonian (that is 7, ~ A~/2) which in turn is due to
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the logarithmic discretization of the original model.

1.4.4 Summary

For basically all NRG applications, one proceeds as follows: a) Division of the energy support

of the bath spectral function into a set of logarithmic intervals.

b) Reduction of the continuous spectrum to a discrete set of states (logarithmic discretiza-

tion).
¢) Mapping of the discretized model onto a semiinfinite chain.
d) Iterative diagonalization of this chain.

e) Further analysis of the many-particle energies, matrix elements, etc., calculated during the
iterative diagonalization. This yields information on fixed points, static and dynamic properties

of the quantum impurity model.



	Dynamical Mean-Field Theory
	Localized state in the continuum
	Anderson impurity model
	 Dynamical mean field theory
	Numerical loop
	Impurity solver
	DMFT self-consistent condition on the Bethe lattice
	Electronic correlations in materials: LDA+DMFT

	Numerical Renormalization Group
	Logarithmic discretization
	Mapping to semi-infinite chain
	Iterative diagonalization
	Summary





